The class of functionals
which can be represented by a supremum
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Abstract. We give a characterization of all lower semicontinuous functionals on L7 which
can be represented in the form p-sup{f(z,u):x € A}. We also show by a counterexample that
the representation above may fail if the lower semicontinuity condition is dropped.

1. Introduction

Functionals which can be written in supremal form

(1.1) F(u,B) = p-sup{ f(z,u(z)): 2 € B}

received much attention in the last years (see References). In the applications they describe
optimization problems whose criteria select solutions which minimize a given quantity in the worst
possible situation. This is for instance the case of criteria like the maximum stress in elasticity,
the maximum loss in economy, the maximum pressure in problems from fluidodynamics.

In order to apply the direct methods of the calculus of variations to this class of functionals,
a first problem to be solved is the identification of qualitative conditions on the supremand f
which imply the lower semicontinuity with respect to a convergence weak enough to provide the
compactness in a large number of situations, say the weak* L* convergence. This was already
solved by Barron and Liu in [3] where they showed that a functional of the form (1.1) is weakly™*
L™ sequentially lower semicontinuous if and only if the function f is level convex, that is for every
t € R the level set {s € R™: f(z,s) <t} is convex for p-a.e. .

The problem we attack in the present paper is to characterize in a supremal form (1.1) all
mappings F(u, B) which fulfill certain intrinsic properties. A similar problem was considered by
Buttazzo and Dal Maso in [5] for the case of integral functionals

(1.2) F(u,B) = /Bf(:c,u(:c)) dp.

We want to stress the fact that in the integral case (1.2) the assumption that the mappings F'(u, -)
are additive plays a crucial role. On the contrary, in the supremal case (1.1) additivity can no
longer be reasonably assumed, and it must be replaced by the more natural assumption

(1.3) F(u, AU B) = F(u, A) V F(u, B).

Our main result (Theorem 3.2) is that assumption (1.3), together with a lower semicontinuity
hypothesis, implies for a mapping F(u, B) the supremal representation formula (1.1) for a suitable
supremand function f. A key tool in the proof is a result by Barron, Cardaliaguet and Jensen
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(see [1]) where a result analogous to the Radon-Nikodym theorem for measures is proved. The
argument leading to the supremal representation can be concluded due to a new form of Moreau-
Yosida transform which is suitable for this class of functionals.

2. Preliminary results

Let (92, F, 1) be a measure space, with 4 non-negative and o-finite. We denote for brevity by
L7° the space Ly (€ R™), by B, the Borel o-field of R, and by - sup the u-essential supremum.

Definition 2.1. A function f: Q x R" —] — 00, +00] is said to be:
(a) a supremand if f is F ® B-measurable;
(b) a normal supremand if f is F @ B-measurable and f(z,-) is lower semicontinuous on R™ for
p-a.e. x € §);
(c) a level convex normal supremand if f is a normal supremand such that for y-a.e. x € Q and
for every t € R the level set {s € R™: f(z, s) <t} is convex.

Remark 2.2. We prefer to use here the terminology level convex instead of quasiconvex, as
was used in [1], [2], [3]. We want indeed to avoid every possible confusion with the Morrey
quasiconvexity, which is a concept quite different and also very commonly used in the calculus of
variations (see for instance Dacorogna [8] for further details).

We consider functionals F : LS x F — R; our goal is to show that under suitable conditions
they can be written in a supremal form

(2.1) F(u,B) = p-sup { f(z,u(z)):x € B}

for a suitable supremand f. We first show that if a representation in the form (2.1) exists then it
is unique.

Proposition 2.3. Let f and g be two supremands. Then the inequality
(2.2) p-sup { f(z,u(z)):2 € B} < p-sup{g(z,u(z)):z € B}
for every w € L}° and B € B,, implies that for p-a.e. x € {2 we have

f(z,s) < g(z,s) Vs e R™.

Proof. Let {Qx} be a sequence in F such that Qi T Q and u(Qx) < 400, and for every integer k
set

fe=fNEk, g =gANk.

In order to achieve the proof it is clearly enough to show that for every £ € N and for p-a.e. x € Qy,
we have

(2.3) fe(z,8) < gr(zx,s) for all s € R™ with |s| < k.
For every Kk € N, ¢ > 0, z € Q) we set

Sp={(z,s) € U xR™:|s| <k, fu(z,s)> gr(z,s)+e}
Si(z) ={s e R™: (z,5) € S;.}
P ={x e QS (x) A0} .
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Since f and g are F ® B,,-measurable, the set S; belongs to 7 ® B,,, thus the Aumann measurable
selection theorem (see [7] Theorems I11.22 and II1.23, and [5] Theorem 2.1) applies and we have
that Qf € F and that there exists an F-measurable selection uj, : 7 — R" such that

uy(x) € Si(x) for every x € Qj, .

Setting u (z) =0 on N\ QF we obtain that uf, € L°, |ug| < k, and

(2.4) fi(z,u(2) > gi (@, up(2)) + ¢ for every z € QF, .
Hence

(2.5) g (@, uj(2)) <k for every z €

so that

(2.6) gi (@, uj(2)) = g(z, ui(z)) for every z € Q, .

From (2.4), (2.5), (2.6) we obtain for every z € QF

(2.7) 9(z,up(2)) + € = gi(z,uj(x) +& < fi(z,uj(z) < f(z,uf(z))
and taking the p-sup in

p-sup {g(z,ug(z)) + e:x € Qi } < p-sup { f(z,uj,(x)):

< p-sup {g(z,ui(az))x € Qi} ,

where the last inequality follows from assumption (2.2). Therefore, since by (2.5) and (2.6) the
function g(x,u§(x)) is bounded from above, we deduce that ;4(QF) = 0. Setting Ny = [J{5:¢ > 0}
we then have u(Ny) = 0 and

fu(w,8) < gi(, )
for every x € Q \ Ny and for every s € R™ with |s| < k, which proves (2.3). O
Corollary 2.4. Let f and g be two supremands such that
p-sup { f(z,u(x)):x € B} = p-sup {g(z,u(z)):z € B}
for every w € LS° and B € B,,. Then f and g are equivalent, in the sense that for u-a.e. x € Q) we
have

flz,s) =g(z,s) Vs e R™.

A key tool we shall use is a modification of the Moreau-Yosida transform. More precisely,
the following approximation result holds.

Proposition 2.5. Let (X,d) be a metric space, let F : X — [0,400] be a lower semicontinuous
function, and let L : R — R be an increasing function such that

(2.8) L(0)=0, L(t)>0 foreveryt>0.
If we set for every A > 0
(2.9) Fx(z) =inf {F(y) V AL(d(z,y)):y € X }

then we have
F(z) =sup{Fa(z):A >0} foreveryzec X .
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Proof. Fix an element x € X; by taking y = « in the definition of F)(x) we obtain the inequality
Fy(z) < F(x) .
Let now ¢t < F(x); since F is lower semicontinuous there exists § > 0 such that
t <inf{F(y):y e X, d(z,y) <d},

and using (2.8) there also exists a number A > 0 such that AL(§) > t. For every y € X with
d(z,y) < § we have
F(y) v AL(d(z,y)) > F(y) >t

whereas for every y € X with d(z,y) > ¢ we have
F(y) VAL(d(z,y)) > AL(8) >t .
Thus Fy(z) >t and, since ¢t was arbitrary, the inequality
F(z) <sup{Fa(z): A > 0}
is proved. O
Proposition 2.6. In the case L(t) =t the functional F defined in (2.9) satisfies the condition
(2.10) Fi(x) < Fx(y) + Md(zx,y) for every z,y € X .

Therefore F\ turns out to be A\-Lipschitz continuous whenever F' is not identically +oc.

Proof. Take x,y € X and € > 0, and let w € X be such that
Fy(y) > F(w) V Md(y,w) — ¢ .

Since for every a,b,c € R
avVb<aVe+|b—¢,
we have
)V Ad(z,w)
Fx(y) + €+ Ad(z,y)
which immediately gives (2.10). O
We finally need the following Radon-Nikodym type result, recently obtained by Barron,

Cardaliaguet, Jensen in [1].

Theorem 2.7. Let (Q, F, i) be a measure space with y non-negative and o-finite. Let F : F — R
be a mapping such that

() F(GAi) - §7F(AZ—) whenever A; € F,
=1 =1

(b) F(A_) = F(B)_for every A, B € F such that u(AAB) = 0.
Then there exists a p-measurable function f : ) — R such that

F(A) = p-sup{f(z):x € A} .

Remark 2.8. The previous statement slightly differs from the original one of [1], since our F' may
take infinite values, but we can reduce our case to the original one by considering the functional

G(A) = arctan F'(A) .



THE CLASS OF FUNCTIONALS WHICH CAN BE REPRESENTED BY A SUPREMUM 5

3. The representation result

In this section we show that any mapping F : L x F — R satisfying a certain set of
assumptions may actually be written as a supremal functional

(3.1) F(u,B) = p-sup { f(z,u(x)):x € B}

for a suitable normal supremand f. The mappings F' we consider satisfy the conditions:
(3.2) (locality) F(u,A) = F(v,B) for all u,v € L and A,B € F with u = v p-a.e. on B and
w(AAB) =0

(3.3) (supremality) F(u UA \/F u, A;) for all u € LY and A; € F;

(3.4) (lower semzcontmuzty ) for every B € F the mapping F'(-, B) is strongly lower semicontinuous
in L°(B).

Remark 3.1. It is easy to see that the supremality condition (3.3) is equivalent to the following
one:

i) (monotonicity) F(u, A) < F(u, B) for all u € LOO and A, B € F with A C B;
(3.5) i) (supremality on disjoint sets) U A;) \/ F(u,A;) forallue L
and A; € F with A; N A; —(Z)Whenz;éj

Indeed the implication (3.3) = (3.5) is straightforward. For the opposite implication, given u € L$°
and A; € F for every i € N, set E; = A; \ (UAj): then

J<i

(u, UAl-) = F(u, UE) = \/F(u,Ei) < \/F(u,Ai)

The opposite inequality is a consequence of the monotonicity condition (3.5) i).
The main result of this paper is the following.

Theorem 3.2. Let F': L x F — R be a mapping satisfying (3.2)-(3.4). Then there exists a
normal supremand f such that the representation formula (3.1) holds. Moreover, this supremand
f is unique.

Proof. The proof will be achieved in several steps.

Step 1. By considering the mapping
1 1
(u, B) — = + —arctan F'(u, B) ,
2 7
we may assume that F' takes its values in the bounded interval [0, 1].
Step 2. For every A > 0 we consider the approximating functional F given by
Fx(u, B) = inf{F(v, B) V A|lu — v pee(B):v € Ly} .

It is easy to check that the mappings F) still satisfy assumptions (3.2) — (3.4). In fact (3.2) is
trivial; in order to prove property (3.3), due to Remark 3.1, we will prove the equivalent condition
(3.5). Condition (3.5) i) is trivial, so we only prove condition (3.5) ii).

Let u € L and A; € F with A; N A; = 0 for every i # j; setting A = [J;=, A; we have

F(v,A) V Allu = vl pee(ay = F(v, Ai) VAlu = vl Le(a,)
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for every v € L°, so
F)\(U,A)ZFA(U,AZ') Vi eN :

this implies
(3.6) Fy(u,A) > \/F(u,Ai).
i=1

On the other hand, for every € > 0 there exists v; . € LS° such that
Mo —vie|| VF(vie Ai) < Fa(u, Ai) + € ;
remark that
Mviellpse(an < Mlullzgean + Alu = viellze ) < Mullzeas) + Fa(u, Ai) + ¢,

thus if we define z. = v; . in A; we have z. € LS°(A) and

Mlu— zellpoe(ay V F(u, A) = \/ (Ml — 2| Lo (a) V Fu, A;))

<3

IN
<3

@
Il
=

(FA(U,AZ') +<€) = \/ FA(U,AZ') +e,
=1

whence

Fy(u, A) < \/ F(u,A;)+¢
i=1

for every € > 0. Together with (3.6) this implies condition (3.5) ii).
The lower semicontinuity (3.4) follows from the fact that, by Proposition 2.6, the functionals F
are \-Lipschitz continuous, that is

(3.7) Fx(u, B) < Fx(v, B) + A||lu — v|| L (B) for every u,v € L;°, B € F.

Step 3. For every A > 0 and u € L$° the set function Fj(u, -) satisfies the assumptions of Theorem
2.7, so that

(3.8) F\(u,B) = p-sup{hxy(z):x € B} for every B € F

for a suitable measurable function hj ,,.
More precisely, following the proof of Theorem 3.5 in [1], for every u € L$° and for every A > 0,
one may construct the measure

(39) V)\)U(A) = inf {iF,\(u, Az)N(Az) GAl = A, A; € _7:} .
i=1 =1

This is showed in [1] to be a non-negative measure which is absolutely continuous with respect to
w and so, for every A > 0 and u € L{°, there exists a measurable function hy , : @ — [0, 4+00] such
that

I/)\)u(A):/ hA_,udu
A

and that (3.8) holds.
Step 4. Set for every A > 0

fa(z, 8) = has(z) for every z € Q, s € R" .
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The function fy(x,s) is non-negative, measurable with respect to z and A-Lipschitz continuous
with respect to s. Indeed, from (3.7) and (3.9) it follows that

vas(A) S wai(A) + At — s|u(A)
so that
[ 5siduta) < [ aetdute) + 2 [ 1o sidn
A A A
for every A € F, which implies
iz, s) < fa(z,t) + Alt — s

for p-a.e. x € Q) and for every s,t € R™.
Now we shall prove that

(3.10) F\(u, B) = p-sup { fr(z,u(z)): z € B}
for every B € F and for every w € L{°. If u is a simple function, that is

N N
u:ZciIBi with B; € F, UBFQ, BiNBj =0, ¢; e R,

i=1 i=1
then using the conditions (3.2) and (3.3) satisfied by F)\ we obtain for every B € F

N

(u, CJ(B N Bi)) - \J\}FA (Zcilgi,B N Bl-)

i=1

F)\(U,B) =

5

N

Fy(¢;, BN B;) = \/u-sup{f,\(x,ci)::v € BN B;}
i=1

|
<

N
Il
-

|
<

N
Il
-

p-sup { fr(z,u(z)):x € BN B;} = p-sup { fr(z,u(z)):z € B} .

If u € L;?, there exists a sequence {ug }xen of simple functions such that [Juy — u||pe~ — 0. Using
the A-Lipschitz continuity of F\ and of fy(x,-), we have

F)\(U,B) = kli—>m F,\(uk,B)
= kli_)r{)lou-sup{f,\(x,uk(:v)):x € B}
= p-sup { fr(z,u(z)):z € B} .

Step 5. Remark that if A < v then fi(z,s) < f,(z,s) for p-a.e. z € Q and for every s € R™.
Therefore, if we define

fx,s) =sup{fa(z,s): A >0},
the function f turns out to be F ® B,-measurable and lower semicontinous on R", and so f is a
normal supremand. By Proposition 2.5 and (3.10), we finally obtain
F(u, B) = sup{Fx(u, B): A > 0} = sup { f (z,u(z)):x € B}
for every B € F, which concludes the proof of the existence of a normal supremand f for which
(3.1) holds. The uniqueness of f easily follows from Corollary 2.4. O

Now we show by a counterexample that the representation result of Theorem 3.2 may fail if
we drop the lower semicontinuity assumption (3.4).
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We consider 2 =]0, 1[, F the o-field of Lebesgue measurable subsets of Q2 and p the Lebesgue
measure. We shall give an example of a functional F' : L>°xF — [0, 1] with the following properties:
(i) F satisfies the locality condition (3.2);
(ii) F satisfies the supremality condition (3.3);
(iii) for every B € F with p(B) > 0 and u € L™ we have F (0, B) = 0 and F(u, B) > 0;
(iv) F does not admit any supremal representation, that is, for every supremand f there exist
u € L*> and B € F such that

F(u,B) # p-sup { f(z,u(z)):x € B} .
For every u € L, let T : 2 — [0,1] be defined by
Tu(z) = { 1 if p({y € Qiu(y) = u(z)}) =0

0 otherwise,
and let F': L™ x F — [0, 1] be the functional defined by
F(u,B) = p-sup {T (u(z)):z € B} .
Theorem 3.3. The functional F verifies the properties (i), (ii), (iii), (iv) listed above.

Proof. Using Theorem 3.1 of [5], we know that T is locally defined. Moreover, if |B| = 0, then
F(u, B) = —oo for every u € L, thus property (i) is satisfied. Properties (ii), (iii) are very easy.
Let us prove property (iv); we argue by contradiction: suppose that there exists a supremand f
such that

F(u,B) = p-sup { f(z,u(z)):x € B}
for every u € L and B € F. Following step by step the proof of Theorem 3.1 in [5], we obtain
that F'(s,B) = 1 for every B € F. But, by definition of F, it is F'(s, B) = 0 for every B € F,
which gives the contradiction. O

Remark 3.4. It is easy to verify that the functional F' above is not semicontinuous with respect
to the strong topology of L. In fact, for example, we may consider u(z) = 2 on ]0,1[ and a
sequence {ug} of simple functions that converges uniformly to u. For every simple function

N N
v=> ¢lp, with BieF, |JBi=Q BNB;=0, ¢ €R,
i=1 i=1
and using (i), (ii), (iii) we obtain
N N

N
F(v,Q) = \/F(U,Bz') = \/F(CilBi5Bi) =\/ F(c;,B;) =0,

i=1 =1

so F(ug,Q) =0 for every k € N, while F(u,Q) = 1.

4. The weak* l.s.c. case

In this section we consider mappings F : L2 x F — R satisfying (3.2), (3.3) and the following
condition:
(4.1) (weak* lower semicontinuity) for every B € F the mapping F(-, B) is weakly* lower semi-
continuous in L°(B).
Assumption (4.1) is obviously stronger than (3.4) and so, by Theorem 3.2, such mappings F can
actually be written as supremal functionals

(4.2) F(u,B) = p-sup { f(z,u(x)):x € B}

for a suitable normal supremand f.
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Theorem 4.1. Let F : L x F — R be a mapping which satisfies assumptions (3.2), (3.3), (4.1),
and let | be a nonatomic measure. Then there exists a level convex normal supremand f such
that the representation formula (4.2) holds.

In order to prove Theorem 4.1, we state the following result (see Lemma 2.9 in [4]):

Proposition 4.2. Let (2, F,u) be a measure space, where p is a non-negative, o-finite, non
atomic measure. Then, for every X\ €]0, 1] there exists a net (14,)icr with A; € F, converging to
the constant function A in the weak* topology of LS°.

Remark 4.3. If L'(Q;p) is separable, which happens when the o-algebra F is generated by
a countable family {F, },en, then Proposition 4.2 holds with a sequence instead of a net. As a
consequence, in this case Theorem 4.1 still holds if we assume, instead of (4.1), the weaker condition
(4.3) (sequential weak™ lower semicontinuity) for every B € F the mapping F'(-, B) is sequentially
weakly* lower semicontinuous in L$°(B).

Proof of Theorem 4.1. Let u,v € L and let A € (0,1). Then we have
(4.4) Fou+ (1 =M, Q) < F(u,Q)V F(v,Q) .

In fact, by Proposition 4.2, there exists a net (A;);c; of elements of F such that the net (ula,)icr
converges to Au and (vlgy 4, )ier converges to (1 — A)v in the weak™ topology of L2°(£2). Now, for
every v € Q and S € R?", S = (51, s2), we define

ha(z,S) = f(z,As1+ (1 — N)s2)
g(x,S) = fx,s1) V f(x,s2) .
Inequality (4.2) and Proposition 2.3 imply that there exists a p-negligibile set Ny € F such that
ha(z,S) < g(x,8)  Va € Q\ Ny, VS eR™.
Therefore, if N = [J{Nx: A € QnNJ0,1[}, we obtain
fla,ds1+ (1= N)s2) < f(x,81) V f(z, 82) Vz e Q\ N, VS € R*™, YA eQnlo,1[.
By Theorem 3.2, f(z,-) is lower semicontinuous on R™ for p-a.e. = € Q and so
flx,As1+ (1= N)s2) < f(x,81) V f(z, 82)

for every S = (s1,s2) € R?", for every A €]0,1[ and for every z € Q \ N. This implies that for
every ¢t € R the level set {s € R™: f(z,s) <t} is convex. O

Remark 4.4. If f is a level convex normal supremand and F'(u, B) is a functional of the form
(4.2), then F satisfies the lower semicontinuity condition (4.1). Indeed it is sufficient to prove that
for every ¢ € R the set

K.={ueLX(B):F(u,B) <c}

is closed in the weak* topology of L2°(B). Now, a function u belongs to K. if and only if
f(z,u(z)) < ¢ for p-ae. x € B, which turns out to be equivalent to u(z) € E(x,c) for p-a.e.
x € B, being E(z,c) = {s € R™: f(x,s) < c}. Since f is a level convex normal supremand the sets
E(z,c) are closed and convex for p-a.e. x € B. Then the function

(7, 2) = XB(2,0)(2) = {—i—oo otherwise

satisfies all the assumptions of Theorem 2.3.1 in [4], so that the functional

B _J0 ifue K,
G(u) = /]3¢(x,u($)) dr = {—|—oo otherwise

turns out to be weakly* lower semicontinuous in L2°(B), which gives the weak* closedness of K.
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Remark 4.5. If the measure p has some atoms, even though the functional F satisfies (3.2), (3.3)
and (4.1), but the normal supremand f is not necessarily a level convex function. For example,
take =R, u = §p and

F(u, B) = do-sup { f (z,u(z)):x € B} = {g(um)) gtgefwj?se.

Then a sequence {u,}nen converges to u in the weak™® topology of L2°(dp) if and only if uy,(0)
converges to u(0). It is now sufficient that the supremand f is lower semicontinuous to obtain the
weak* lower semicontinuity of the functional F.
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