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1 Introduction

A variational formulation of some problems in Computer Vision was given by
Mumford and Shah [14], and later elaborated by De Giorgi and Ambrosio [11]. In
this framework, problems involving the functional

/|Vu|2d:c+H"_1(Su), (1)
Q

defined on the space SBV(Q) of special functions of bounded variation are stud-
ied, where Vu denotes the approximate gradient of u, and S, is the set of the
discontinuity points of u. In a two-dimensional setting, .S,, represents the contours
of the object in a picture and u is a smoothing of an imput image. Energies of the
same form arise in fracture mechanics for brittle solids, where S, is interpreted
as the crack surface and v as the displacement outside the fractured region ([4]).
Problems involving functionals of this form are usually called free-discontinuity
problems, after a terminology introduced by De Giorgi (see [11], [5], [7])-

The Ambrosio and Tortorelli approach [6] provides a variational approxima-
tion of the Mumford and Shah functional (1) via elliptic functionals to obtain
approximate smooth solutions and overcome the numerical problems due to sur-
face detection. The unknown surface S, is substituted by an additional function
variable v which approaches the characteristic of the complement of S,,. The ap-
proximating functionals have the form

1
219, (2 2 N2
/Qv [Vu| da:—l—/Q(E|Vv| +4€(1 v) )d:c, (2)

defined on functions u,v such that u,v € H'(Q) and 0 < v < 1. The interaction
of the terms in the second integral provide an approximate interfacial energy.

The adaptation of the Ambrosio and Tortorelli approximation to obtain as
limits more complex surface energies does not seem to follow easily from their
approach. A double-limit procedure to obtain non-constant energy densities is
described in [1]. In this paper we study a variant of the Ambrosio and Tortorelli
construction by considering functionals of the form

Ga(u,v):/Qz/J(U)|Vu|2d:v+/Q(€|VU|2+%W(u—v)) dx, (3)



where W and 1 are positive function vanishing only at 0. In this case the distance
between the functions v and w is increasingly penalized as ¢ — 07, generating in
the limit a functional which depends on the traces u of u on both sides of S,,.
We prove (Theorem 3.1) that G, approximate the functional

F(u) = /Qw<u>|w|2dx+ / (B(ut) + Du™)) dH", (4)

u

where ®(s) = 2| [ /W (t)dt| is the usual transition energy between 0 and s. In
this case, the additional variable v in G, approaches u times the characteristic of
the complement of S,. Functionals of the Mumford-Shah type with non-constant
surface energy density are obtained by choosing ¥(z) = 1 if z # 0.

2 Notation and preliminaries

We use standard notation for Sobolev and Lebesgue spaces. L™ will denote the
Lebesgue measure in R” and H* will denote the k-dimensional Hausdorff measure.
A(2) and B(€2) will be the families of open and Borel sets, respectively. If y
is a Borel measure and F is a Borel set, then the measure pl_ B is defined as
plB(A) = u(AN B). [t]* denote the positive/negative part of t € R.

2.1 TI'-convergence

Let (X,d) be a metric space. We say that a sequence F; : X — [—o00,+00] I'-
converges to F : X — [—o00,400] (as j — +o0) if for all u € X we have

(i) (lower limit inequality) for every sequence (u,;) converging to u

F(u) < liminf Fj(u,); (5)

(ii) (exzistence of a recovery sequence) there exists a sequence (u;) converging to u
such that
F(u) > limsup Fj(u;), (6)
J
or, equivalently by (5),
F(u) = Tim Fj (uy). (7)
J

The function F is called the I'-limit of (F;) (with respect to d), and we write
F =T-lim; F;. If (F;) is a family of functionals indexed by € > 0 then we say that
F. T-converges to F as ¢ — 0 if F' = I-lim;_ 4o F, for all (¢;) converging to 0.

The reason for the introduction of this notion is explained by the following
fundamental theorem.



Theorem 2.1 Let F' = I'-lim; F}, and let a compact set K C X exist such that
infx F; = infx Fj for all j. Then

Jmin F' = liminf F}. (8)
X 7 X

Moreover, if (uj) is a converging sequence such that lim; Fj(u;) = lim;infx F
then its limit is a minimum point for F.

The definition of I'-convergence can be given pointwise on X. It is convenient
to introduce also the notion of I'-lower and upper limit, as follows: let F, : X —
[—00,400] and u € X. We define

I-liminf F (u) = inf{liminf F, (uc) : ue — u}; (9)
e—0t e—0t

I-limsup F; (u) = inf{limsup F. (ue) : ue — u}. (10)
e—0t e—0t

I T-liminf, o+ Fo(u) = I-limsup,_ o+ Fe(u) then the common value is called the
I-limit of (F.) at u, and is denoted by I'-lim. g+ F¢(u). Note that this definition
is in accord with the previous one, and that F. I'-converges to F' if and only if
F(u) =T-lim, g+ F-(u) at all points u € X.

We recall that:

(i) if F =T-lim; F; and G is a continuous function then F + G = I'-lim;(F; + G);
(ii) the I'-lower and upper limits define lower semicontinuous functions.

(From (i) we get that in the computation of our T'-limits we can drop all
d-continuous terms. Remark (ii) will be used in the proofs combined with approx-
imation arguments.

For an introduction to I'-convergence we refer to [10]; see also [8] Part II. For
an overview of I'-convergence techniques for the approximation of free-discontinuity
problems see [7].

2.2 Functions of bounded variation

Let u € LY(Q). We say that u is a function of bounded variation on € if its
distributional derivative is a measure; i.e., there exist signed measures p; such

that
/qudx: —/ o dp
Q Q

for all ¢ € C1(Q). The vector measure p = (p;) will be denoted by Du. The space
of all functions of bounded variation on 2 will be denoted by BV ().

It can be proven that if v € BV() then the complement of the set of
Lebesgue points Sy, that will be called the jump set of u, is rectifiable, i.e. there
exists a countable family (T';) of graphs of Lipschitz functions of (n — 1) variables



such that H" (S, \ U;2, ;) = 0. Hence, a normal v, can be defined H" *-a.e.
on Sy, as well as the traces uT of u on both sides of S, as

u*(z) = lim u(y)dy,
P=0F J{ye B, (x):£(y—a,vu(x))>0}

where f,udy = |B|™" [, udy. Note that the notation is similar to that of the
positive and negative part of u. In the case n = 1, we can always choose v = +1,
so that u¥(z) and v~ (z) coincide with the right-hand side and left-hand side
(approximate) limits of u at x, denoted by u(z+) and u(x—), respectively.

If uw € BV(Q) we define the three measures D%, D7u and D°u as follows.
By the Radon Nikodym Theorem we set Du = D%+ D®u where D% << L™ and
D#u is the singular part of Du with respect to £™. D®u is the absolutely continuous
part of Du with respect to the Lebesgue measure, Dy = Dul_S, is the jump
part of Du, and D°u = D*ul_(Q\ S,) is the Cantor part of Du. We can then
write

Du = D% + Du + D°u.

It can be seen that Diu = (u* —u™ )y, H" 1S, and that the Radon Nikodym
derivative of Du with respect of L™ is the approzimate gradient Vu of u (which
will be also denoted by v’ if n =1).

A function w € LY(Q) is a special function of bounded variation on Q if
D¢u = 0, or, equivalently, if its distributional derivative can be written as

Du=Vul™+ (u" —u )y, H" 'L_S,.

The space of special functions of bounded variation on € is denoted SBV ().

For a detailed study of the properties of BV -functions we refer to [5], [12]
and [13]. For an introduction to the study of free-discontinuity problems in the
BV setting we refer to [5].

2.3 A lower semicontinuity result

We recall a simple lower semicontinuity result for one-dimensional functionals de-
fined on SBV (a,b) (see [2], [3], [7] Chapter 2).

Proposition 2.2 Let (u;) be a sequence inSBV (a,b) with
(i) (u}) is bounded in L*(a,b);

(ii) #(Su) is equibounded;

(i) (uj) is bounded in L*>°(a,b).

Then, up to passing to a subsequence, u; converges in L(a,b) to a function

u € SBV (a,b). Furthermore,

(a) uf — u' weakly in L*(a,b);



(b) for all lower semicontinuous ¥ : R x R — [0, 400) which is also subadditive
(i.e.,

I(r,s) < I(r,t) + (¢, 5)
for all r, s, t € R) we have

Z Hu(z—),u(z+)) < lirnjinf Z Huj(x—), u;(z+)).

€Sy zGSuj

In particular #(S,) < liminf; #(S.;) by choosing ¥ = 1.

3 The main result

Let W,% : R — [0,4+00) be two functions vanishing only at z = 0, increasing on
[0, 4+00) and decreasing on (—o0,0], and assume that W is continuous and v is
lower semicontinuous.

Let 2 be a bounded open subset of R™. We define the space

SBV,(Q) ={uec L'(Q): uVtun(—t)c SBV(Q) for all t > 0}.

Note that the approximate gradient Vu of u € SBV,(Q) exists for a.e. x € Q.
Moreover, if n = 1 then S, is at most countable.

Theorem 3.1 Let G. : L'(2) x LY(Q) — [0, +00) be defined by
G (u,v) = /Q(w(v)|vu|2 + éW(u —v) + 5|VU|2) dr if u,v € H'(Q)
00 otherwise.

Then there exists the I'-lim. o4 G<(u,v) = G(u,v) with respect to the L*(Q) x
LY(Q)-convergence, and

/Q/J(u)|Vu|2d:v+/ (®(ut) + ®(u"))dH™™ ' if u € SBVL(Q)
Q Su

G(u,v) = and u = v a.e.
400 otherwise,
where ;
B(2) = 2‘/ VTG (11)
0
for all z € R.

The proof of the theorem above will be given in detail only in the case n = 1,
as a consequence of the propositions in the rest of the section. In this case it suffices
to consider 2 = (a,b) an interval. The case n > 2 can be easily obtained by slicing
and approximation techniques from the study of the 1-dimensional case (for all
the details we refer to Chapter 4 in [7]).



Proposition 3.2 Let F be defined on L(a,b) by F(u) = G(u,u). Then F is lower
semicontinuous with respect to the L*-convergence.

PROOF. (a) lower semicontinuity on non-negative functions: let t > 0, let

®(z) 2>t
¢t(z>_{0 if 2 <t,

and let 0;(y, z) = ¢¢(y) + ¢+ (z). The function 6, is subadditive and lower semicon-
tinuous.
For all v € SBV.(a,b) with v > 0 let v! = v V t; note that

F(v) = F():= (b)w(vt)l(vt)'l2d:v+Z9t((vt)+=(vt)_)

(1) /( WP et 20 #(5,),

Y%

If uj — w in L(a,b) with u; > 0 and F(u;) < ¢, we deduce from the
inequality above that u‘; — u! weakly in SBV (a, b). From the lower semicontinuity
of F; we have u' € SBV (a,b) and

it F(y) 2 [ gy o+ 300" 7).
a, Sut

Taking the supremum for ¢ > 0 we get u € SBV,(a,b) and
liminf F(u;) > F(u).
J

(b) lower semicontinuity on non-positive functions: the proof is the same as
in Step (a).

(¢c) conclusion: the lower semicontinuity of F' follows by noting that F(u) =
FuN0)+ F(uVO0). O

We “localize” the functionals G, by defining for all A open subset of (a,b)
and u,v € L'(a,b)
1
V)W + =W(u—wv +5Vv2)d:1: if u,v € H(a,b
Gnoy = | [ PO+ 2W =0 1w (@)
400 otherwise.

Lemma 3.3 Lett >0, 1o < x1 and let ug,vo € R and u,v € H*(x0,21) satisfy

ug, Vg >t Ug, vy < —t
u(zo) = uo u(o) = uo
v(xo) = vo or v(wo) = vo
v(x) >t fm’ all z € (xg,x1) v(z) < —t for all z € (xg,x1)
v(z1) = v(z1) =



Then for every e >0

(up — inf(u Vv 0))?

pa— + @ (((inf(u vV 0)) Avg —t) V0)

G (u,v, (2o, 1)) > Y(t)

in the case ug, vy > t, while

(up + sup(u A 0)?
Tr1 — X0

Ge(u,v, (zg,21)) > (—t) + @ ((sup(u A 0) V (—vg) +t) AO)

in the case ug,vg < —t. The same estimates hold if the boundary conditions at xg
and at x1 are interchanged.

PrOOF. We deal with the case ug,v9 > t only, the other case being dealt
with in a symmetric way. First, note that

(up — inf(u Vv 0))?2 '

Z1

(12)

/( DO e 2 w0

If inf(u v 0) < ¢ then the inequality for G¢(u, v, (zo, 1)) is trivial. If inf(u VvV 0) > ¢,
let
T = sup{z € [xo,z1] : v(x) =inf(uV 0)}

(@ =01if v <infu on [0, z1]). Suppose first that inf(u Vv 0) < vg; then

/le GW(U —v) + 6|U/|2) dr > /:1 GW((inf(u V0))—v)+ 5|U/|2) de

> 2/_301 VW ((inf(u v 0)) — v)|[/| dz
= P(inf(u Vv 0) —t). (13)

In the case inf(u V 0) > vg, the same computation carries on with vg in place of
inf(u V 0). O

For all ¢ > 0 and r,s € R we set

O(r—t) ifr>t

Di(r) = 0 if |r] <t (14)
O(r+t) ifr<-—t
De(rys) = Du(r) + Pu(s). (15)

Proposition 3.4 Let u € L'(a,b) and let x € S,. If u. — u and ve — u in
L'(a,b) then
lim inf Gs(usa Ve, (IO; Il)) > ’ﬂt(u(x_)vu(x_'—))

e—0*t

for allt >0 and for all xg < x < 7.



PROOF. We deal with the case u(x+),u(x—) > t > 0, the changes in the
other cases being clear from the proof and from the statement of Lemma 3.3. It is
not restrictive to suppose that we have liminf, o+ Ge(ue, ve, (2o, 21)) < 400.

Let (g;) be a sequence of positive numbers converging to 0 such that

lim G, (ue,, ve,) = liminf G (ue, ve).
J e—0+

Up to restricting the interval (xo, 1), we can suppose that

ue,; (20) — u(xo0) > t, ue,; (1) — u(x1) > t,
ve,; (z0) — ulzo) > 1, ve,; (21) = u(z1) > t. (16)

Note that lim;inf,, .) |v8j| = 0; otherwise, by the properties of i, we deduce
that a subsequence of (uc,) is equibounded in H' (o, z1) and then u € H*(zq,z1)
contradicting the fact that x € S,,.

Denote

o)) = inf{x € (z0, 1) : ve, (x) = t}, w) = sup{z € (xo,z1) : ve; () = t},
which are attained for j large enough. By Lemma 3.3, we then have
Ge,(ue;,ve;, (w0, 21)) > Gej(ue;,ve;, (xo,xé)) + G, (ue;, v, (:v{,;vl))
> ()
(g — o)

+d, (( inf_ [Usj]+) A Vg (IO))

(Io,wé)

-Hﬁ(t)%

(z1 — 1)

0 ((inf [ue,] ) Av, (20) ) (17)

(ﬂ;ﬂﬂl)

M

ue,; (o) — inf [ue,
(m()vw(J))

M

e, (1) — inf [u,
(1]1,11)

With fixed n > 0, up to restricting the interval (zo,z1) further, we can
suppose that

limjsup(lusj (o) — u(z=)| + |ve; (w0) — u(z—)[) <,

limjsup(|u5j (w1) — w(z+)| + |ve, (1) — u(z—)|) < 7.

Then from (17) we deduce first that

VI —xo+ 1,

limsup |(inf [uc,]T) —u(z—)] < e !

J (zo,z7) V W(t)

1
limsup |(inf [ue,]¥) —u(z+)] < c—==va1 =z +1,

J (27 ,1) V w(t)



and, consequently, that

limjinf Ge; (ue;,ve;, (0, 21))

1 1
> (u(a:—) —c——=Vx1 — x9 — n,u(z+) — c———=Vr1 — X0 — 77).
VU(t) ¥(t)
As n and z1 — x¢ can be taken arbitrarily small, we have the thesis. ]

Remark 3.5 ;From the previous proposition we immediately get:
(a) for every open subset Q' of (a,b) we have

liminf Ge (ue, ve, ) > Z Di(u(r—),u(z+))

0+
e SN

if ue — u and v. — u in L'(a,b);
(b) if T-liminf. .o+ Ge(u,u) < +00 then for all ¢ > 0

#{x € Sy : Ju(z=)| V |u(z+)| > t}) < +o0.
Proposition 3.6 We have G < I'-liminf, ¢+ G-..
PROOF. Let ue — u and v. — v in L'(a,b) be such that

lim inf G (e, ve) < +00.
e—0t

Then we have

1
liminf — W (ue — ve) dx < 400,
e—0t € (a,b)

which implies u = v.
Let (g;) be a sequence of positive numbers converging to 0 such that

lim G, (ue,, ve,;) = liminf G, (u., ve),
J e—0+t

and such that u.; — u, ve; — u a.e. We denote

M ={x € (a,b): li}n ue,; (x) = li}nvsj (x) = u(z)}.

Let ¢ > 0 be fixed. Thanks to Remark 3.5(b) we can suppose that t ¢
{fu(z+)|, [u(z—)| : 2 € Su}.

We may select a double-indexed family {azfv :N €N, i=0,..2"} of
points in [a, b] such that

azxév<xiv<---<;vévjv,



oN & S, 2N € M (except for i = 0,2"), and

2~ N-1 < :CfYH — N < 27N o =N
for all N and i. We can also suppose that there exist the limits lim;u.;(a) =
lim; v, (a) = u(a+) and lim; u., (b) = lim; v., (b) = u(b—). This is not restrictive,
upon first restricting our analysis to (a + n,b —n) for some small 5 > 0, and then
letting 1 tend to 0.
Fix N € N, and set

Ji=JN =@M, 2N),  i=1,...,2",

and
an ={i€{1,...,2%}: |u| <t ae. on J;}.

For all i € any we can choose a point Z; € J; N M such that |u(Z;)| > t. We can
therefore suppose that

e, (Ti) > t, v, (Ti) >t for all ¢ and j, (18)

or
ue, (Ti) < —t, v, (Ti) < —t for all ¢ and j, (19)

in the cases u(Z;) > t and u(T;) < —t, respectively. Upon extracting a subsequence
of (g;) we can also assume that for all ¢ ¢ an only one of the two following
possibilities is realized:

(i) for all j we have |vc, (x)| > t/2 for all z € J;;

(ii) for all j there exists y? € J; such that |ve, ()| <t/2.
We then set

by ={i € an : (i) holds}, ey ={i € an: (ii) holds}.

Let i € ¢y, and suppose for the sake of simplicity that (18) holds and T; < yf )
By continuity, we then find Z; € (Z;,y]) such that v., > ¢/2 on (T;, ;). (From
Lemma 3.3, applied with ¢/2 in place of ¢, we deduce that, in the case that u(Z;) >
t

Ge, ey, vey, i) 2 ¢(§)2N71 (t - (iﬁf Ue; V %)>2 + & (iS{f Ue; V %>
= 1Z)(%) (t B (iﬁlfusj v %))2 + P (iIJlifusj Vv %)
> c(t) >0,

where ¢(t) is a constant depending only on ¢. The same conclusion holds in the case
u(T;) < —t, with the obvious changes coming from Lemma 3.3. Hence, #(cn) < ¢,
independent of N.

10



Let now

u(s) —t ifu(s) >t
ug(s) = [u(s) —t]7 —[u(s) +¢~ =< 0 if Ju(s)| <t
u(s) +t if u(s) <t

If i € an then we trivially have

limjinf Ge,(Ue;,ve;,Ji) > 0= /] () |uf|? de. (20)
If 7 € by, we first note that
liminf Ge, (ue,,ve,, J;) > limjinf/Ji P(ve,)|ul, |* do

J
(o(2) o-5) o | 1,

from which we deduce, upon extracting a subsequence, that (u.,) converges weakly
to win H'(J;), and that we may suppose that |juc, || 1 (s,) < C < +00. Moreover,
letting ¢, = (ve; A C) V (=C), after noting that

Y]

Gaj (uaj » Vejs Jz) > Gaj (uaj , {)aj , Jz)

and that 0., — u in L*(J;) we obtain

liminf G, (ue;,ve,,J;) > liminf G, (ue;,oc;, Ji)
J J
> 1iminf/ 7,/}(65j)|u’av|2d:c
J J; J
> [ vt o (21)
Ji

by the lower semicontinuity of the functional u — fJ'L Y(u)|u'|? dx (see e.g. [9]).
If i € cn, by Remark 3.5(a) we estimate

lim inf G, (ue;,ve;, Ji) > Z Pe(u(x—), u(z+)). (22)
! SunJi

We remark, moreover, that:

(a) if ¢ € an then u; = 0 in J;, which in particular implies that S, NJ; = 0,
so that ¥y (u(z—),u(z+)) =0 for all z € S, N J;;

(b) if i € by then u € H'(J;) and in particular S, N J; = 0;

hence,
Yo > Owla=),u(a+) = Y di(u(z—), ule+)). (23)

iceny x€S,NJT; €S,

11



We set Ky = Ji. From (20)—(23) we deduce that

1€ECN

liminf G¢, (ue,,ve,;) > / Y(u)|uy? do + Z I (u(z—), u(x+)).
J (a,0)\Kn €Sy

Upon noting that

(a) if i € an then {2¢ —1,2i} C ant1;

(b) if 7 € by then {21 — 1,2i} C an+1 Ubny1,
we get that Kni1 C Ky, and from #cy < ¢ and |J;] < 27V we deduce that
|[Kn| — 0. From the Dominated Convergence Theorem we then obtain, letting
N — 400,

lim inf G, (ue;, ve,) > / Y(u)|u|* do + Z Ie(u(z—), u(z+)). (24)
J (a’b) €S,
Note that by (24) we have that
((t) A 1/)(—15))/ luj|? dz < +o0,
(a:b)

and, since

Su

also that #(S.,,,) < +oc. Hence we deduce that #(S,,) < +oo and u; € H'((a,b)\
Sy,) for all t > 0; in particular, u € SBV,(a,b).

Eventually, the thesis of the proposition is obtained by letting ¢ — 07 and
using the Dominated Convergence Theorem again. ]

Proposition 3.7 We have G > I'-limsup,_, o+ Ge.
PROOF. First, let u € SBV (a,b) with
/ |uj|? do + #(S.) < +oo.
(a,b)
By the local nature of the construction below, we can suppose S, = {0}, with

0 € (a,b). We have to construct a family (u.,v.) such that

F(u) > limsup Ge (ue, ve).

e—0*t

We perform the construction only for = > 0, the construction for z < 0 being
symmetric.
With fixed n > 0 let T > 0 and vr € H'(0,T) be such that

’UT(O) = O, ’UT(T) = U(0+),

12



T
/0 (W(u(0+) — o) + |UIT|2) iz < B(u(0+)) + 1.

1
%/0 W (ru(0+)) dr < n.

The existence of such a vy follows for example from [7] Section 3.2.1. We set, for
e > 0 sufficiently small:

zZu(04) ifo<z <5
u-(z) = { u(0+) if £ <z<e(T+ %)

u(aj —e(T + %)) if £ >e(T+ ),
0 ifo<z< 5
ve(e) = { vr(2- %) it £ <a<e(T+ 1)
u(w —e(T+ %)) if > e(T + 7).
It can be immediately verified that u. — u and v. — u in L*(a,b). Moreover,
lim Ge(ue,ve, (0,0)) < Y(u) ' | de 4+ ®(u(04)) + 21.
e—0t (0,b)
(From the corresponding construction for x < 0 we eventually obtain

lim Ge(ue,ve) < Y(u)|u' |* dz 4+ &(u(04)) + ®(u(0-)) + 47

e—0t (a,b)
= Glu,u)+4n
which gives the desired inequality by the arbitrariness of n > 0, after noting that
the functions u. and v. belong to H!(a, b) thanks to the condition u.(0) = v.(0) =
0.
In the general case v € SBV,(a,b) with F(u) < 400, consider the family

(ut)e>o defined by
up = [u—t]t — [u+t]".

Note that F(u;) < F(u), u; € SBV(a,b) and
[ P+ (5. < oc.
(a:b)

therefore, by the first part of the proof,
I-limsup Ge(ug, ue) < F(ug) < F(u),

e—0+t

and the proof is concluded by letting t — 0, so that u; — w in L'(a,b), and
recalling the lower semicontinuity of v — I'-limsup,_ ¢+ Ge(v,v). ]
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