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Abstract

We study integral functionals of the form F(u,Q) = fQ f(Vu)dz, defined for u €
CH(Q;R*), Q CR™. The function f is assumed to be polyconvex and to satisfy the
inequality f(A) > co|M(A)| for a suitable constant cg > 0, where M(A) is the n-vector
whose components are the determinants of all minors of the kxn matrix A. We prove
that F is lower semicontinuous on C'(Q;RF) with respect to the strong topology of
L'(;RF). Then we consider the relaxed functional F, defined as the greatest lower
semicontinuous functional on L!(€; R¥) which is less than or equal to F' on C1(Q; R*).
For every u € BV (;RF) we prove that F(u,Q) > fQ f(Vu)dz + co|D3u|(2), where
Du = Vudzxr + D%u is the Lebesgue decomposition of the Radon measure Du. More-
over, under suitable growth conditions on f, we show that F(u,Q) = fQ f(Vu)dz for
every u € WHP(Q; R*), with p > min{n, k}. We prove also that the functional F(u,$)
can not be represented by an integral for an arbitrary function v € BV| _(R"; RF). In
fact, two examples show that, in general, the set function Q — F(u, ) is not subad-
ditive when u € BV _(R™;RF), even if u € Wlt’f(R”;Rk) for every p < min{n,k}.
Finally, we examine in detail the properties of the functions u € BV (Q2; R*) such that
Fu,Q) = fQ f(Vu)dz, particularly in the model case f(A) = |M(A)].
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Introduction

The aim of this paper is to study some lower semicontinuity properties of the func-

tional
(0.1) Flu) = /Q F (V) de,

where  is a bounded open subset of R", u:Q) — R* is a vector valued function,
Vu denotes the Jacobian matrix of u, and f is a non-negative function defined in the
space M**" of all kxn matrices. We shall always assume that f is polyconvex in the
sense of Ball (see [1] and [5]), i.e., there exists a convex function g, defined in the space
= of all n-vectors of R"™xRF, such that f(A) = g(M(A)) for every A € M**"  where
M(A) denotes the n-vector whose components are the determinants of all minors of the
matrix A (with the appropriate sign, see (1.1) and (1.2)), including the minor of order 0,
whose determinant, by convention, is set to be equal to 1.

Our model example, in this investigation, is the functional
(0.2) Au) = / IM(Vu(z))|dz,
Q

which represents, when u € C*(2; R¥), the n-dimensional area of the graph of u. More

generally, we shall consider polyconvex integrals of the form (0.1) such that
(0.3) f(A) > colM(A)| VA e MF*™,

for a suitable constant ¢y > 0.

The classical lower semicontinuity theorems with respect to the weak topology of
WP(Q; RF), due to Morrey (see [21], [22], [5]), can not be applied to the study of
minimum problems involving the functional F'. Indeed, the lower bound (0.3) guarantees
that (M(Vuy)) is bounded in L*(; E) along every minimizing sequence (uy), and this
implies only that a subsequence of (uy,) converges in L'(2; R¥). Therefore, in this paper
we study the lower semicontinuity properties of F' with respect to the strong convergence
in L'(Q;R¥).

A slight modification of Counterexample 7.4 of [2] shows that the area functional
A is not lower semicontinuous on W1 (Q; R¥) with respect to the strong topology of
Ll(Q; Rk). More precisely, it is possible to construct a sequence (uy), converging to a

smooth function u in the weak topology of W1P(Q; R¥) for every p < min{n,k}, such
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that A(u) > hli_)n;o A(up). The main feature of this counterexample is the use of functions
up € WHP(Q; RF) for which A(uy,) loses its geometrical meaning.

To overcome this difficulty, we propose a different approach. We keep the definition
(0.2) of A(u) only when u € C'(Q;R¥), so that A(u) is the n-dimensional area of
the graph of u, and we extend, formally, the definition of A to every u € L'(Q; RF)
by setting A(u) = +oo for u ¢ C*(;RF). Then we consider the relaxed functional
A: LY(Q; R¥) — [0, +00], defined as the greatest lower semicontinuous functional on
L' (Q; R*) which is less than or equal to A (for more detailed information on the relax-
ation method in the calculus of variations we refer to [8], [4], [5]). Similarly, we keep the
definition (0.1) of F(u) only when u € C1(€2; RF), and we extend the definition of F
to every u € L'(Q;R¥) by setting F(u) = +oo for u ¢ C*(2; R¥). The corresponding
relaxed functional will be denoted by F.

We prove (Theorems 2.4 and 2.5) that the functionals A and F' are lower semicon-
tinuous on C*(Q;R*) N LY(Q; R*) with respect to the strong topology of L'(2;RF).
This implies that A(u) = A(u) and F(u) = F(u) for every u € C*(; RF) N LY(Q; RF).

The main difficulty of our problem lies in the fact that we are considering, in partic-
ular, functionals with linear growth with respect to the n-vector of the minors M(A).

The situation is completely different, if we suppose
f(A) > cog|M(A)P VA € Mkxn

for suitable constants cg > 0 and p > 1. Indeed, if (uz) is a sequence in C'(Q; RF),
converging in L'(€;RF) to a function v € C*(;RF), and (M(Vuy)) is bounded in
LP(;E), then u € WHP(Q;RF), M(Vu) € LP(Q;E), and (M(Vuy)) converges to
M(Vu) weakly in LP(€;E) (see [10] and [18]), so that the lower semicontinuity of F'
in L'(Q; R*) follows from the lower semicontinuity of the functional w — [, g(w) dz in
the weak topology of LP(2;E). This idea can not be applied when p = 1, because easy
counterexamples show that the boundedness of (M(Vuy)) in L*(€;E) does not imply
the convergence of (M(Vuy)) to M(Vu) in the weak sense of distributions.

Our lower semicontinuity results on C*(2; R*) show that A and F are not only
the greatest lower semicontinuous functionals less than or equal to A and F', but they
are also extensions of the functionals A and F outside C'(Q; R¥). Following a tradition
that goes back to Lebesgue [16] for the area functional, and that was adopted by Serrin
[24] in the study of general variational integrals, we consider A(u) and F(u) as the only

reasonable variational definition of the functionals A and F when u ¢ C*(Q; RF).
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The problem is now to describe the behaviour of the functionals A(u) and F(u)
when v ¢ C1(; RF), and, possibly, to give an explicit integral representation of these
functionals, at least for a wide class of functions u. It is easy to see that, if A(u) < +o0 or
F(u) < +oo, then u € BV (Q; R*) (Remark 2.6), thus we can restrict our investigation
to the space BV (Q;R*). We prove (Theorems 2.7 and 2.8) the following estimates from
below for every u € BV (Q; R¥):

A(u) > /Q}M(Vu(x))\dx + |Du|(Q),

Flu) > /Q F(Vu(@)) de + colD*ul(Q),

where ¢y is the constant in (0.3), and Du = Vudx + D*u is the Lebesgue decomposition
of the M**"_valued Radon measure Du, with Vu € L'(Q;M*¥*") and D*u singular

with respect to the Lebesgue measure. This leads to the equality

(0.4) Au) = /Q |M(Vu(z))| dz

when u € WhP(Q;RF) for some p > min{n,k} (Theorem 2.9), and shows that the
functional u — [, [M(Vu)|dz is lower semicontinuous on WP (€; R*) with respect
to the strong topology of L'(€;RF¥), when p > min{n,k} (Corollary 2.10). Similar
properties hold for F, if f(A) < ¢1(JA[P +1) (Theorem 2.12 and Corollary 2.13).

A difficult open problem (see [7]) concerns the dependence on € of the functionals
A(u) and F(u), which will be now denoted by A(u,2) and F(u,2). We prove, with
an explicit example in the case n = k = 2, that the set function Q — A(u,Q) is not
subadditive when w is an arbitrary function of BVj,.(R"; R*) (Theorem 3.1). Therefore,
while in the scalar case k = 1 the functional A(u,{2) can be represented by an integral
over 2, involving a function and a measure, both depending on u (see [15]), this is no
longer true in the vector case k > 2.

When n > 2 and k£ > 2 it is possible to give a counterexample to the subadditivity
of @ — A(u,) even when u € Wli)’Cp(R”;Rk) for all p < min{n,k} (Theorem 4.1).
The same example shows also that (0.4) does not hold, in general, when p < min{n, k}
(Lemma 4.2).

Finally, we prove (Proposition 5.8) that, if the polyconvex function f satisfies the
inequalities c¢o| M(A4)| < f(A) < 1 (|JM(A)] + 1), with 0 < ¢o < ¢, then for every
function u € BV (Q; R¥) the condition

(0.5) A(u, Q) = /Q‘M(Vu(x))}dx < +00
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implies

F(u,) = /Qf(Vu(x))dJ:

Moreover, we prove that (0.5) is satisfied if and only if v € WHH(Q; RF), M(Vu) €
LY(; Z), and there exists a sequence (up) in C(£; R¥), converging to u in L'(£; R¥),
such that (M(Vuy)) converges to M(Vu) in L*(€;E) (Theorem 5.4). This implies
that, if (0.5) holds for a set 2, then the same equality holds for every open subset of €
(Remark 5.7).

We conclude the paper by proving that, in the case n = 2, if u € BV (2 U Qq; RF)N
L (21 U Qo; RF) satisfies (0.5) for Q = Q; and Q = Qy, then (0.5) holds for every open
set Q with Q CC Q1 UQ,.

Our results about the functional .7-" stated in the introduction for F(u) =
fQ f(Vu)dz, are all valid in the case F(u fQ x,u, Vu) dz, under suitable assump-
tions on f that are provided in the followmg sections.

The lower semicontinuity results proved in this paper are obtained by using some
fundamentals ideas and techniques of geometric measure theory introduced in the study
of polyconvex integrals by Giaquinta, Modica, and Soucek in [10], [11], [12]. In particular,
we use the compactness of the space cart(Q; R¥) of Cartesian currents introduced in [10],
and the relationships between Cartesian currents and graphs discussed in the same paper.

The counterexamples to the subadditivity of Q +— A(u,2) are based on some ideas
of De Giorgi and on some technical arguments from geometric measure theory. In the
counterexample concerning Sobolev functions we use also a construction which is remi-
niscent of the “dipole construction” considered by Brezis, Coron, and Lieb in [3]. Finally,
the properties of the pairs (u,2) which satisfy (0.5) are obtained by using some results

about convex functions of measures proved by Reshetnyak in [23].
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1. Definitions and preliminary results

Measures. Let U be a locally compact Hausdorff space with a countable base and let
X be a finite dimensional vector space, with dual X’. A Radon measure on U with
values in X is a continuous linear functional on the space C%(U; X’) of all continuous
X'-valued functions with compact support in U. The space of all Radon measures on
U with values in X is denoted by M(U; X). Every Radon measure p € M(U; X)
will be identified with the corresponding countably additive X -valued set function, still
denoted by p, defined on the family of all relatively compact Borel subsets of U, so that
w(f) = [, fdp for every fe C(U; X').

Given a norm |-| on X, the variation of a Radon measure pu € M(U; X) will be
denoted by |u|. It is well known that |u| is a positive measure defined in the family of
all Borel subsets of U. If |u|(U) < 400, we say that the Radon measure p is bounded.
In this case the integral p(f) = |, v J du is well defined for every bounded Borel function
f:U— X"

As M(U; X) is the dual of C%(U;X’), we can consider the weak* topology on
M(U; X). By definition, a sequence (up) in M(U; X) converges to p € M(U; X) in the
weak * topology on M(U; X) if fU f dup, converges to fU fdu for every f € CO(U; X'").

We shall frequently use the following lower semicontinuity theorem due to Reshet-

nyak.

Theorem 1.1. Let g:UxX — [0, +00] be a function such that:
(i) g is lower semicontinuous on UxX ;
(ii) for every x € U the function £ — g(x,&) is convex and positively homogeneous of
degree one on X .

Let G: M(U; X) — [0,+00] be the functional defined by
G(w) = [ glo. (@) o).
U

where % denotes the Radon-Nikodym derivative of the vector measure p with respect
to the scalar measure |u|. Then G is sequentially lower semicontinuous on M(U;X)

with respect to the weak™ convergence.

Proof. In [23] the theorem is proved under the additional assumption that g is continuous
on Ux X . The same arguments can be adapted to the general case. For a different proof
see also [4], Corollary 3.4.2. []
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We shall also use the following version of a continuity theorem due to Reshetnyak.

Theorem 1.2. Let g:UxX — [0,400] be a continuous function and let G be the
functional defined in Theorem 1.1. If the norm |-| on X comes from a scalar product,

then G(pu) = hlim G(pn) for every sequence (up) in M(U; X), converging to a bounded
Radon measure 1 in the weak* topology of M(U; X), and such that (|un|(U)) converges

to |ul(U).

Proof. See [23], Theorem 3, and [17], Appendix. L]

Let V' be another locally compact Hausdorff space with a countable base, let f: U —
V' be a continuous function, and let p be a bounded Radon measure on U with values

in X . The image measure f, p is the X -valued Radon measure on V' defined by

(fem)() =pu(f*e)  VoeCH(V;X'),

where f*:CO(V; X') — C°(U; X’) is defined by f*¢ =¢o f.

The Lebesgue measure in R™ will be denoted by L™, while the n-dimensional
Hausdorff measure (in an arbitrary metric space) will be denoted by H™. If u is any
measure and A is any p-measurable set, the measure pl A is defined by (ul A)(B) =
uw(ANB) for every p-measurable set B. We say that two p-measurable sets 4; and A,
are p-equivalent, and use the notation A; ~ As (in the sense of ), if |u[(414A42) =0,
where A denotes the symmetric difference of sets. It is clear that, if A; ~ As in the

sense of p, then pul A; = pl As.

Functions with bounded variation. Let U be a bounded open subset of R™. The space
BV (U; RF) of RF-valued functions with bounded variation is defined as the set of all
functions u € L(Q; R¥) whose distributional gradient Du is a bounded Radon measure
on U with values in the space M¥*™ of all kxn matrices. Given u € BV (U; RF), the

measure Du can be written in a unique way as
Du(B) = / Vudx + D*u(B)
B

for every Borel set B C U, where Vu € LY (U; M**") and D*u is an M**"-valued
Radon measure, which is singular with respect to the Lebesgue measure (Lebesgue-

Nikodym decomposition).
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On M**" we shall consider the Hilbert-Schmidt norm defined by |A|? = tr(AA*).

With this choice of the norm we have
\Du|(B) = / Vuldz + |D*u|(B)
B
for every Borel set B C U.

Currents. Given an open subset U of R, the space of all n-forms with C*° coefficients
and with compact support in U will be denoted by D"(U). The space D,,(U) of all n-
currents on U is defined as the dual of D" (U). The mass My (7)) of a current T € D™(U)
is given by

My (T) = sup{T(w) : w € D*"(U), |w(2)| <1 Vze€ U},

where | - | is the Hilbert norm in the space of all n-covectors of R™.
It is well known that, if a current 7' € D,,(U) has finite mass, then T is a bounded
Radon measure on U with values in the space of all n-covectors of R™. Consequently,

for every n-form w € D™(U) we have

7(w) = [ (5. d,
where % denotes the Radon-Nikodym derivative of the vector measure T' with respect
to the scalar measure |T'|, and (-,-) is the duality pairing between n-vectors and n-
covectors. If T' has finite mass, the previous formula defines unambiguously 7T'(w) for
every n-form w with bounded continuous coefficients on U .

Following the terminology of [25], Chapter 3, we say that a subset M of R™ is
countably n-rectifiable if M C U;io N;, where H"(Ny) = 0 and where each N;, j > 1,
is an n-dimensional embedded C'-manifold of R™. If M is countably n-rectifiable, then
the approximate tangent space T),(z) exists for H"-a.e. x € M (see [25], Theorem 11.6).
An orientation £ of a countably n-rectifiable set M is an H™-measurable n-vector field
on M such that for H"-a.e. * € M we have {(z) = 71 A--- ATy, where {m,...,7,}
forms an orthonormal basis for the approximate tangent space T),;(z). A countably n-
rectifiable set together with an orientation is called an oriented countably n-rectifiable
set.

We refer to [9] and [25] for a complete treatment of the theory of currents and of

rectifiable sets.
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If U is an open subset of R™ and M an oriented countably n-rectifiable subset
of U, with orientation &, the integration on M is the current [M] defined by

[M] () = /M<§,w> dH"  Vw e DVU).

In the particular case m = n, for any measurable subset A of R" we consider the
canonical orientation given by the n-vector e; A---Ae,,, where eq, ..., e, is the canonical

basis of R"™. Consequently, the current [A] is given by

[A] ((pda:l/\-~-/\da:”):/Acp(a:)dx

for every ¢ € D(U).
More generally, given an oriented countably n-rectifiable set M C U, with orienta-
tion ¢, and a multiplicity function 6 (i.e., an H"-measurable locally integrable function

0 defined on M with positive integer values), we define the current T'= 7(M, 0,£) by
T(w):/ (& w)8dH" Yw e D*(U).
M

These currents will be called (integer multiplicity) rectifiable n-currents. Note that, if
T=71(M,0,§), then |T|=0H"_ M and % =¢ H"-a.e.on M.

If V is an open subset of some Euclidean space R¥ and f:U — V is a proper
function of class C*°, the “push-forward” f, of a current T' € D, (U) is the current
f+T € Dp(V) defined by (f.T)(w) =T (f*w) for every w € D"(V), where f#w € D"(U)
denotes the “pull-back” of the form w € D™(V). If T has a finite mass, then f,7T is well
defined by the previous formula for every f of class C! with bounded derivatives, even
if f is not proper. It is clear that, in this case, the current f,7T has a finite mass too. As
T is a bounded Radon measure on U with values in the space of all n-vectors of R™,
we can consider as well the image measure f, T, which is a bounded Radon measure on
V' with values in the space of all n-vectors of R™. Note that, in general, f,.T # f. T,

since, clearly, f#w # f*w for an arbitrary n-form.

Currents in product spaces. We intoduce now some notation particularly suited for deal-
ing with n-forms and n-currents defined on the product space R"xRF, when we want
to stress the different role of the variables € R™ and y € R*.
Let eq,...,e, and €1,...,e; be the canonical bases of R® and RF. If 1 < p <mn,
we define
I ={a=(aq,...,0p) e NP: 1<y <--- <y <n},
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and we set Iy, = {0};if a € I, ,,, we set |a| =p. If |a] =1, then o = (i) for some i
between 1 and n: in this case we shall simply write ¢ instead of «.

For any o € I, ,,, with 1 <p < n, we define
€a = €ay N+ Nea,, dx® = dx®* N - Ndx?,

and we set ¢g = 1 and dz® = 1. The definitions of 5 and dy” for B € I, are
analogous.
A basis for the space of n-vectors of R"™xR¥ is given by {e, Acg : |a| +|8| = n},

so that any n-vector £ may be written in a unique way as

E= Y, Peaneg;

|| +[B]=n

the dual basis for n-covectors is {dz*A dy? : |a| + |B] = n}.
With the previous notation, given an open subset U of R"xRF, every w € D"(U)

may be written in a unique way as

w = Z waﬂdxa/\ dyﬁ,
la+[Bl=n

where wap € CX(U). It T € D, (U), for every «, [ with |a| + || =n we denote by
TP the scalar distribution defined for every ¢ € C>*(U) by

T%(p) = T(pdz* A dy”),
so that for every w € D"(U)

Tw)= >  T"%wap);

la|+]Bl=n

the distributions 7% are called the components of T'.

Graphs. We denote henceforth by 2 a bounded open subset of R™ and by U the cylinder
QOxRF. For any subset A of Q and for any function u: A — R* we denote its graph
by G., i.e.,

Gu={(z,y) e R"XR* :z€ A, y=u(x)}.
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If u:Q — R is continuously differentiable, for any (z,y) € G, a basis for the tangent

space Ty, (z,y) is given by the vectors

"L oud
’UZ'<.’13):€Z'+Z%(£C)€J‘, izl,...,n,
J

1

and, setting p(z) = vi(z) A--- A vy (), the natural orientation of Ty (z,y) is given by

R

With this choice of &, the set G, becomes an oriented n-rectifiable set, with which
we associate the current [G,] . Note that the orientation chosen for G, implies that
ps [Gu] = [9], where p is the canonical projection from R"xR* onto R™, and that
[Gu] = U, [?] , where U(x) = (z,u(z)).

If « €I,_p,, wedenote by & € I, ,, the increasing complement of o in {1,...,n};
we note in particular that 0 = (1,...,n). Also, we denote by €(a) the sign of the
permutation of (1,...,n) into («, &), with the convention €(0) = 1.

The n-vector p(x) introduced above can be written explicitly as
(1.1) pe)= > (@) eaneg,
e+ Bl=n
where

(1.2) po0 (@) = e(a) det (575 (@) )

Ox%i

with the convention uéo(az) = 1. Note in particular that D;u’(z) = (—1)"""u¥ (x).
Since the n-vector u(z) depends on z only through the matrix Vu(z), we are led

to defining for every kxmn matrix A the n-vector

MA) = > MP(A)es Neg,
la|+[8]=n

where
(1.3) MQB(A) = e(a) det (Agidj) ,

with the convention MGO(A) = 1. With this notation we have pu(zr) = M(Vu(x)) for
every u € C1(Q; R¥).
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Setting T' = [G,] , we remark that |T| = H" | G, and p.|T| = p.(H"_G,) =
|| L7, e,

(1.4) H"(G 1 (AXRY)) = /A ()| de

for every L£"-measurable subset A of . Moreover, the components T are Radon

measures satisfying
T0) = | (o ul@)p(e) da

for every ¢ € C$°(U). This is equivalent to saying that u®® = p, T%% and T*% = U, u*”,
where, as usual, we identify the locally integrable function p®? with the Radon measure
fB u*Pdzx. Therefore p=p,T and T = U, .

By Stokes Theorem we have 0[G,] = 0 in QxR*. We also remark that the
canonical orientation ¢ satisfies £€00(z,y) = |u(z)|~* > 0 for every (z,y) € G, . This is
related to the fact that p maps Ty, (z,y) onto R"™. Indeed, if V' is an n-dimensional
linear subspace of R"xR¥, with orthonormal basis {r1,...,m}t,and n =71 A ... ATy,
then the conditions 7% # 0 and p(V) = R™ are equivalent.

We consider now the case of a graph of a not necessarily smooth function: let A be
a measurable subset of Q and u be any function from A to R*. If G, is a countably
n-rectifiable set such that p maps T, (z,y) onto R" for H"-a.e. (z,y) € Gy, then
there exists a unique orientation £ of G, such that 560 >0 H"-a.e. on G, . This choice
of ¢ will be considered as the natural orientation of G, , and again the current [G,]
satisfies p, [G.] = [A4] .

Cartesian currents. To generalize the notion of Cartesian graph, Giaquinta, Modica, and
Souéek introduced in [10] and [12] the space cart(Q; R¥) of all rectifiable n-currents T
on U = QxRF such that p,.T = [Q] , 700 > 0, 0T =0, My(T) < 400, and

sup{T(|yle(z,y) dz' A+ Adz™) : o € C(U), sup |p| < 1} < +00.

In the case T = [G,] the last expression is just the L' norm of w; if, in addition,
u € CH;RF), then My ([G,]) is the n-dimensional area of the graph G,. This
implies that [G,] € cart(;RF) for every u € C*(;R¥) with [, |u|dz < +o00 and
H"(G,) < +oo. Note that, if u ¢ C*(2; R¥), even if these two conditions are satisfied
and G, is n-rectifiable and can be oriented in the natural way, we cannot deduce that
[G.] € cart(2; RF), because the condition 9 [G,] = 0 may fail when u is not smooth
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(consider, for instance, the case of a piecewise constant function; an example of a function
u such that 0[G,]] # 0, although w belongs to a Sobolev space, may be found in
Section 3).

Given T = 7(M,0,¢) € cart(Q; R*), a point (z,y) € M is said to be regular if
p maps Ty,(z,y) onto R™. The set of regular points will be denoted by M, , and its
complement in M by M,. Moreover, we define Q, = p(M), Q, = Q\ Qg, T, =
T(M,,0,¢), and Ts = 7(Ms, 0,&). Note that My (T) = My (T,) + My (Ts).

We also introduce the Radon measure p on €2, with values in the space of n-vectors
of R"™xR¥, defined by pp = p«T'; its components are the scalar Radon measures /ﬁﬁ
on €2 defined by u%ﬂ = p, T*%. Note that, if T = [G,] for some u € C'(Q; RF), then
pr coincides with the function g given by (1.1).

The following theorems are a summary of the results of [10], [11], [12] that are

relevant to our paper.

Theorem 1.3. Let T = 7(M,0,¢) be a current in cart(Q; R¥). Then L™() =0 and
there exists a function tp:Q, — R”* such that GﬁT ~ M, in the sense of H". Moreover
=1 H"-a.e. on M, , so that T, = [[GQT]] .

Proof. See [10], Section 3, Theorem 2, and [12], Theorem 1.

Remark 1.4. If u:Q — RF is another function such that G, ~ M, , then G, ~ GﬂT
in the sense of H", hence u = @, L™-a.e. on 2. The converse is not always true:
there are simple examples, even with n = k = 1, where u = 4, L™-a.e. on {2, but
H”(GuAGaT) > 0 and [G,] # T,. However, if G, is countably n-rectifiable and p
maps Tg (2,y) onto R™ for H"-a.e. (z,y) € Gy, then the equality u = @, L"-a.e.
on Q implies H"(G,aGy,) = 0 by the area formula, hence 7). = [G,] . In particular,

this condition is satisfied when u is locally Lipschitz on €, and v = 4, L£™-a.e. on (.

Theorem 1.5. Let T = 7(M,0,€) be a current in cart(Q; R¥) and let up: Q — R be

any L"-measurable function such that up = up L"-a.e. on Q.. Then

(a) up € BV(;RF) and Dyl = (—1)"~ WT on Q forevery 1 <i<n, 1<j<k;

(b)

(¢) |Dup| <|pp| < pul|T| =ps(H*" M) on Q, and |D%up| = |Dup|lQq;

(d) pp(BNQ) = [ M(Vup(x))de and |pup|(BNQ,) = [ |M(Vup(x))|dz for every
Borel subset B of Q;

pp L Q. is absolutely continuous and ppl_§s is singular with respect to L™ ;
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(e) |ppl = p«|T| = ps(H" L M,) on . ;
() &, uT< ) = (@) = e Ey for L7 -a.e. w € Qy;

(g) T,( fQ<M Vurp(z)),w(z, up(z ))>d93 for every w € D™(U).

Proof. (a) See [10], Section 3, Theorem 3.
(b) Since L£™(2) = 0, the measure . Qg is singular with respect to £*. Let JMp
be the Jacobian of the map p on M (see [25], Section 12). For every Borel subset B of

). the area formula gives
/ JMp(2) dH" (= /HO (M Nnp~z))dL"(x).
Mnp=*(B)

As JMp(z) > 0 for every z € M,., the condition £"(B) = 0 implies H"(M, Np~1(B)) =
0. Since BNp(My) =@, and hence M Np~'(B) = M, Np~'(B), we obtain

B = [ d@an) = [ @) = o0

Mnp=1(B) MrNp~=1(B)

for every Borel subset B of Q, with £"(B) = 0. This proves that p,l €, is absolutely
continuous with respect to L£".
(c) The first inequality follows from (a). For the second one it is enough to observe that
Ip«pt| < pi|p| for every vector measure p on QxRF with finite total variation. The
equality concerning D®u, follows from (b).
(d) The formula for g is proved in [11], Theorem 5. The formula for || follows easily
from the previous one.
(e) For every Borel subset B of Q, we have M Np~!(B) = M,Np~(B) ~ Gy, Np~'(B)

in the sense of H™, hence
pr(B) = [ (=) dH(2).
Ga, Np~(B)

Since p is one-to-one from Gy to (2. and [{(2)| =1 for H"-a.e. z € Gy, we conclude
that |up|(B) = H"(Ga,(2) Np~H(B)) = H"(M, np~'(B)).
(f) Since (p(z),tr(p(2))) = z for H"-a.e. z € M,, and |up| = p.(H" L M,), we have

i) = [ @) = [ el i) dialie)

for every Borel subset B of Q This implies that &(z, ap(z)) = ﬁ(aj) for |pp|-a.e.
x € Q,, hence &(x,up(z)) = dlu |( x) for L™"-a.e. x € Q, (recall that |pp| > L™ on Q
thanks to (d)). The other equality follows easily from (d).

(g) See [11], Theorem 5. []
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Theorem 1.6. Let (up) be a sequence in C*(;R¥) converging strongly in L*(Q; R¥)
to some function u, and such that the graphs G, have equibounded H"™ measure. Then
there exist a subsequence, still denoted (uy), and a current T € cart(Q; R¥), such that:
(a) [Gu,] =T weakly in D, (U);

(b) u=wup L"-a.e. on Q, hence u € BV (;RF);

(c) Duyj, — Du in the weak* topology of M(£; MF*"),

If, in addition, u is locally Lipschitz on Q, then T, = [G.] .

Proof. The compactness property is proved in [10], Section 3, Theorem 1. For (b) and
(c) see [10], Section 3, Theorem 3. The last assertion follows from Remark 1.4. []

2. Lower semicontinuity and relaxation

Let Q be a bounded open subset of R™. For every u € C*(Q; R¥) the n-dimensional
area of the graph of u is given by

Alw) = Mu([G]) = () = [ |M(Tu(o)) da.
We define the functional A on L'(2; R¥) by setting

u\x €T if u 1 .k
Alu) = /QW(V(Md, fu e CHORP),

400, otherwise,

and we consider the corresponding relaxed functional A: L'(Q; R*) — [0, +oc0], defined
as the greatest lower semicontinuous functional on L!(£2; R¥) which is less than or equal
to A.

Besides the area functionals A and A, with the same methods we can study a wide
class of polyconvex functionals. We recall that a function f:M**" — [0, +o0] is said
to be polyconvex if there exists a convex function g: = — [0, +00], defined in the space
= of all n-vectors of R"™xRF¥, such that f(A) = g(M(A)) for every A € MF*". As
MOO(A) =1 for every A € M¥*" | the definition of ¢ is relevant only on the hyperplane
=00 — {£eE: 560 = 1}. By changing, if needed, g out of this hyperplane, we may

always assume that ¢ is positively homogeneous of degree one on Z=.
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Let f: QxRFxM**" — [0, +-00[ be a function such that:
(i) for every (z,y) € QxRF the function A+ f(z,y, A) is polyconvex on MF**";

(ii) there exists a constant ¢y > 0 such that f(x,y, A) > co|M(A)| for every x= € Q,
yeRF, A e MF*",

(iii) for every x9 € Q, yo € RF and for every € > 0 there exists § > 0 such that
flz,y,A) > (1 —¢)f(xo,y0,A) for every z € Q, y € R¥, A € MF", with
|z — 20| < d and |y — yo| < 0;

(iv) the function (x,y) — f(z,y,0) is locally bounded on QxR¥.

We shall consider the functional F: L'(Q;R*) — [0, +oc] defined by

/ f(z,u(z), Vu(z)) dz, if u e C1(Q;RF),
F(u)=4¢ Ja
400, otherwise,

and the corresponding relaxed functional F: L'(€; R¥) — [0, +00], defined as the great-
est lower semicontinuous functional on L'(£2; R¥) which is less than or equal to F. We
shall use the notation A(uw, ), A(u,Q), F(u,Q), F(u,Q) when we want to stress the
dependence of these functionals on the set 2.

The results contained in the following proposition are needed in all estimates con-
cerning the relaxed functional F. As in Section 1, the cylinder QxR¥ will be denoted
by U.

Proposition 2.1. Assume that conditions (i), (ii), (iii), (iv) are satisfied. Then there

exists a function g:UxZE — [0,+00] such that:
(a) f(z,y,A) = g(z, M(A)) for every z = (z,y) € U and for every A € MFX";
(b) g is lower semicontinuous on UXZ;

(c) for every z € U the function & — g(z,£) is conver and positively homogeneous of

degree one on =;

(d) for every z € U and for every £ € Z we have g(z,£) > col|&|, where cg > 0 is the
constant in condition (iii).

Proof. Let m be the dimension of the vector space Z and let 200 = {{e=: €00 — 1}.

For every z = (z,y) € U and for every £ € =00 we define

gO('Z?g) = inf Z)\Zf<.’13,y,Al),

i=1
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where the infimum is taken over all families (Ai)lgigm in M**" and over all families

(A")1<i<m of non-negative real numbers such that

X =1  and D NM(A) = ¢,
i=1 i=1

By Theorem 1.3 of Chapter 4 of [5], for every z € U the function & — go(z,§) is
convex and finite, hence continuous, on 2% and f(z,y, A) = go(z, M(A)) for every
z = (z,y) € U and for every A € M**" . By (ii) we have also go(z,&) > colé| for every
z € U and for every & € 00,

0

Let us prove that go is lower semicontinuous on U xZ00 Condition (iii) implies

that for every zp € U and for every ¢ > 0 there exists § > 0 such that go(z,&) >

(1 —¢)go(z0,€) for every &€ € Z%° and for every z € U with |z — 29| < 6. As the
function £ — go(z0,&) is continuous, for every &, € =00 there exists n > 0 such that
90(20,&) > go(z0,&) — € for every & € =00 with |€ — &| < n. Therefore go(z,£) >
(1 —€)go(20,&0) — e whenever |z — 29| < d and [£ — &| < n, which proves the lower
semicontinuity of gq.

Let us define now ¢: UxZE — [0, +00] by

( 00 § ie 0
S 90(275%)7 1f600>07
0 )
9(2,6) =< lim ogo(z, ST20), et =,
0—0+
too, if 00 < 0,

\

where €? = el A --- A €™ is the n-vector of R™ associated with the canonical basis
el,...,e". It is easy to see that for every z € U the function & — g(z,§) is convex and
positively homogeneous of degree one. Moreover, as g(z,£) = go(z,&) for every £ € =00
and M(A) € 2% for every A € MF*" we have f(z,y, A) = go(z, M(A)) = g(z, M(A))
for every z = (z,y) € U and for every A € MF*",

Let us prove that g is lower semicontinuous at each point of Ux=. Let z, — 2z and

&n — &€ be two sequences in U and = respectively. We want to prove that
(2.1) 9(2,€) < liminfg(zp, &)

This inequality is obvious if 500 # 0, so we consider only the case 560 = 0. By the

definition of g, it is clearly enough to consider sequences (&;,) with 520 > 0 for every h.
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Let us fix p > 0. As g is lower semicontinuous at the point £+ Qe(), whose 00 coordinate

is different from 0, we have
(2.2) (2, &+ 0e%) < lim inf g(zn, & + (0 — £0)e).

Since 520 < p for h large enough, and ¢ is convex and positively homogeneous of degree

one, taking the equality M(0) = ¢° into account we obtain

9z, n+ (0= €)Y < glzn, &) + (0 — ) g(zn, €%) =

(2.3) )
= g(sz Sh) + (Q - Sgo)f(xhv Yh, O) )

where (xp,yn) = zp. By (iv) we have also

lim sup (o — 52())]0(1%, Yn,0) < co

h—oo

for some constant ¢, so that from (2.2) and (2.3) we obtain
9(z,€+ 0c) < liminfg(zn, &) + co.

As o tends to 0 we get (2.1), so that g is lower semicontinuous, and the proposition is

proved. U]

The following remark provides the well known sequential characterization of the

relaxed functionals A and F.

Remark 2.2. It is easy to prove that for every u € L'(€; RF) the value of A(u) is
uniquely determined by the following conditions (see, e.g., [4], Proposition 1.3.3):

(a) for every sequence (up) in C1(£; R¥) converging to u in L'(Q; R¥) we have

A(u) < liminf A(up) ;

h—o0
(b) there exists a sequence (uy,) in C*(£; R¥), converging to u in L'(Q; R¥), such that

A(u) = lim A(up).

h—oo

A similar characterization holds for F.

The following lemma deals with the case of bounded functions.
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Lemma 2.3. Let u € L¥(Q;RY). Then there exists a sequence (uy) in C*(;RF),
bounded in L>°(2; RF) and converging to u in L'(Q; R¥), such that A(u) = hlim A(up,) .

Proof. By Remark 2.2(b) there exists a sequence (vy) in C*(£; R¥), converging to u in
LY(Q;R*), such that
(2.4) A(u) = lim A(vy,) = hli_)ngo H"(Gy),) -

h—0
Let ¢: R* — RF be a globally Lipschitz bounded function of class C'*, with Lipschitz con-
stant 1, such that ¢(y) =y when |y| < [[ul|po;rr)- Let us define up(z) = ¢(va(z)).
Then the sequence (uy) is bounded in L*°(2; R*) and converges to u in L'(Q; RF).
Moreover, each function u; belongs to C1(Q;R¥), and H*(G,,) < H"(G.,, ), since the
map ®(z,y) = (v,¢(y)) is a contraction in R"xRF and G,, = ®(G,,). Therefore,
(2.4) implies A(u) > limsup H"(G,,) = limsup A(up). The conclusion follows now

h—oo h—oo

from Remark 2.2(a). []

We prove now the lower semicontinuity of the functionals A and F on C*(Q2; R¥)
with respect to the strong topology of L'(Q;R¥). This implies that A(u) = A(u) and
F(u) = F(u) for every u € C*(; R*) N LY(Q; RF).

Theorem 2.4. The functional A is lower semicontinuous on C*(2; R*) N L'(; R¥)
with respect to the strong topology of L'($;RF).

Proof. Let up, — u in L'(;RF) with uy, u € CY(Q;R*). We may assume that
hlim A(up,) exists and is finite. Thus, by Theorem 1.6, we may also assume that [G,, ] —
T weakly in D, (U), for some T € cart(Q; R*) satisfying T, = [G,] . By the lower

semicontinuity of the mass we have
A(u) =My(T,) <My(T) < hlim My ([Gu,]) = hlim A(up) ,
which concludes the proof. U]

Theorem 2.5. The functional F is lower semicontinuous on C*(2; R*) N L1(2; R¥)
with respect to the strong topology of L'($;RF).

Proof. Let up, — u in L'(;RF) with uy, u € CY(;R*). We may assume that

hlim F(up) exists and is finite, and, therefore, A(uy) is bounded uniformly with respect
—00
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to h. Thus, by Theorem 1.6, we may also assume that [G,,]] = T" weakly in D, (U),
for some T = 7(M,0,£) € cart(Q; R¥) satisfying T, = [G,] . Writing, for simplicity,
T}, instead of [G,,] , we have
Fw) = [ g i) dTil).
R"xR

where ¢ is the function given by Proposition 2.1. Moreover

F(u) = /Q o((u(x)), M(Vu(z))) de = /M 92, €(2)) dH(2) <

< [ ses@ane = [ g ) arie).

By Reshetnyak’s semicontinuity theorem (Theorem 1.1) we have

[ s dhE@)dTi) < minf [ g () dTG),
R»x Rk R"xRF

h—o0

which proves the assertion. U]

Remark 2.6. As |[M(Vu)| > |Vu| we have A(u) > [, |Vu| dz for every u € C*(Q; R”).

By Remark 2.2(b) this implies that, if u € Ll(Q,Rk) and A(u) < 400, then u €
BV (Q;R*) and A(u) > |Du|(Q) (see [14], Theorem 1.9). Similarly, as the constant cq
in (ii) is positive, we have that, if u € L*(; R¥) and F(u) < +oco, then u € BV (Q; R¥)
and F(u) > ¢o|Du|(2). The following theorems provide better estimates from below for
the relaxed functionals A and F.

Theorem 2.7. For every u € BV (£; R¥) we have

u) > /Q\M(W(a:))\dx + [Du|(Q).

Proof. We may assume that A(u) < +oc; then there exists a sequence (u) in C1(Q; R¥)
converging strongly in L!(Q; R¥) to u, and such that A(u) = hlim H" (G, ). By Theo-
rem 1.6, we may assume that [G,,] — T weakly in D, (U), for some T € cart(Q; R¥)

satisfying ur = u L"-a.e. on §2,.. By the lower semicontinuity of the mass we have
My(T) < hlim My ([Gu,]) = hlim H"(Gy,) = Au) .

Since i = p. T, we obtain My/(T) = [TI(U) = |url(Q) = lurl(@) + luzl(©). By
Theorem 1.5 we deduce that

|ur (2 /\M (Vu(@))|dz,  |pgl(Q) > [Dul(Q) = [Dul(Q),

and the result follows immediately. L]
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In the case of the functional F we obtain the following result.

Theorem 2.8. For every u € BV (Q; RF) we have

F(u) > / f(z,u(z), Vu(z)) dz + co|D*ul(Q),
Q
where ¢y is the constant in condition (ii).

Proof. We may assume that F(u) < +o00; then there exists a sequence (u) in C1(Q; R¥)
converging to u strongly in L'(€; R¥), and such that F(u) = hlim F(up). By (ii) the
sequence (A(up)) is bounded uniformly with respect to k. Thus, b;of’heorem 1.6, we may
also assume that [G,,] — T weakly in D, (U), for some T = 7(M,0,¢) € cart(Q; R¥)

satisfying u,, = u L™-a.e. on Q,. Writing, for simplicity, 7}, instead of [G,, ] , we have

Flon) = [ e (@) diTil (2

where ¢ is the function given by Proposition 2.1. By Reshetnyak’s semicontinuity theo-

rem (Theorem 1.1) we have

| R ATIe) < im 9z, 2 () dITal(=) = Flu).
Therefore
(25 Flu) > /MTg<z, (2)) dH"(2) + /Msg<z,£<z>>dﬂn<z>.

Let p: R"xRF — R" be the canonical projection. Since (p(z), 4y (p(2))) = z for H"-a.e.
z € M, , by Theorem 1.5 we have

/ 9(2,&(2)) dH"™(2) = / g((z, ip(2)), €z, g (2))) dlpg] () =
M, 0.
= [ o (o). JTE) M(Vuto) da.

Since g(z,&) is positively homogeneous of degree one in &, we obtain
(2.6)

/ 9(2,&(2))dH"(z) = /g((w,u(w)),M(Vu(x)))dx = /f(x,u(x),Vu(x))dx.
M, Q Q
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On the other hand, as |£(z)| =1 H™-a.e. on M, the lower bound in Proposition 2.1(d)
implies

/M. 9(2,&(2))dH"(2) > coH™(Ms) .

s

Since, by Theorem 1.3, M, ~ M N p~1(€,) in the sense of H™, from Theorem 1.5 we
obtain H™(M;) = p.(H" L M)(Qs) > |pur|(2s) > |Du|(Qs) = |D*u|(2). Therefore

(27) | se@) i) = clpu©.
M,
The conclusion follows now from (2.5), (2.6), (2.7). [
The following theorem, which is an easy consequence of Theorem 2.7, shows that
the relaxed area functional A(u) can be represented by an integral when u belongs to
the Sobolev space WP(Q; R¥), with p large enough. We shall see in Lemma 4.2 that

this is no longer true if p is small.

Theorem 2.9. Let u € WLP(Q; RF), with p > min{n, k}. Then

Au) = /Q‘M(Vu(a;))‘da:

Proof. By Theorem 2.7 we have
A(u) > /‘M(Vu(a;))‘da:
Q

To prove the opposite inequality, let (uy) be a sequence in C!(Q; R¥) converging to u
in the strong topology of W1P(Q;R¥) (see [19]). Since p > min{n, k}, we have also
M(Vuy) — M(Vu) in L'(Q;Z), hence

A(u) < hhﬂigng(Uh) = hli_)rglo /Q‘M(Vuh(aj))‘dx = /Q‘M(Vu(aj))‘dx,

which concludes the proof of the theorem. L]

The following corollary is an immediate consequence of Theorem 2.9 and of the
definition of A.
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Corollary 2.10. Assume that p > min{n,k}. Then the functional u— [, |M(Vu)|dzx
is lower semicontinuous on WP (€2; RF) with respect to the strong topology of L*(Q; RF).

Remark 2.11. Using the idea of Counterexample 7.4 of [2], it is possible to con-
struct an example, which shows that, if 1 < p < min{n,k}, then the functional
u [ |[M(Vu)|dz is not lower semicontinuous on W'P(Q; R¥) with respect to the
strong topology of L!'(Q;RF).

In the case of the functional F we obtain the following result.
Theorem 2.12. Assume that conditions (i), (ii), (iil) are satisfied. Assume, in addition,
that the function (y, A) — f(z,y, A) is continuous on RFxMFX" for L"-a.e. v € Q,

and that there exist two constants ¢; > 0 and p > min{n, k} such that f(z,y, A) <
a (AP +1) for every x € Q, y € RF, A€ M* ™. Then

= /Qf(x, u(x), Vu(x)) dz
for every u € WhHP(Q; RF).
Proof. Let us fix u € WHP(Q; R¥). By Theorem 2.8 we have
> /Q f(z,u(z), Vu(z)) dz .
To prove the opposite inequality, we argue as in the proof of Theorem 2.9. Let (uj) be a

sequence in C*(Q; R¥) converging to u in the strong topology of W1P(Q; R*). By the

Carathéodory continuity theorem (see, e.g., [26]) we have

F(u) ghhm/fxuh x), Vup(x /fxu , Vu(z))dz,
which concludes the proof of the theorem. U]

The following corollary is an immediate consequence of Theorem 2.12 and of the
definition of F.
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Corollary 2.13. Assume that p > min{n, k}. Under the hypotheses of Theorem 2.12 the
functional w— [, f(x,u, Vu)dz is lower semicontinuous on WP (; RF) with respect
to the strong topology of L'(€;RF).

The following theorem concerns piecewise constant functions such that the essential
closures of the sets of the underlying partition have no triple intersections. In this case
the inequality of Theorem 2.7 becomes an equality. This is no longer true if there are
triple intersections, as we shall see in Theorem 3.1. We recall that a set with locally finite
perimeter in R"™, or a Caccioppoli set, is a set whose characteristic function belongs to
BVioe(R™). For the notion of the reduced boundary 0*E of a set E with locally finite
perimeter we refer to [14], Chapter 3.

Theorem 2.14. Let (F;)ic; be a finite partition of R™ composed of sets with locally
finite perimeter, let (a;)icr be a finite family of points of R*, and let u € BVioo(R™; RF)
be the function defined by u(x) = a; for x € E;. Suppose that for every x € 0 there
exists v > 0 such that L"(B,(x) N E;) >0 for at most two indices i. Then

Aw) = L") + 3> ai—aj| H* (0" E;N0"E; N Q) =
1,5€1

= L"(Q) + |D%u|(2) = /}M(Vu(x))}dx + |Du|(2),
Q
provided that L"(0Q) =0 and H* 1 (0*E; N9Q) =0 for every i € I.

Proof. Let (pn) be a sequence of mollifiers, i.e., ¢, € D(R™), pr > 0, supp(pp) C
By /,(0), [ ondr =1, and let u, = u* ¢p. Let us prove that rank(Vup(x)) < 1 for
every x € ). For every xo € Q there exists r > 0 such that B,(x¢) meets (on a set of
positive measure) at most two sets of the partition, say F; and E;. By compactness we
may assume that 7 is independent of zq. For every = € B, /5(z0) and for every h > 2/r

we have

up(x) = a; + (a; — a;) [E on(r —y)dy,

hence
Vup(z) = (a; — a;) ®/ Vonp(x —y)dy.
E;

This proves that rank(Vuy(z)) < 1 for every z € Q and for every h > 2/r. Therefore

A(uh):/Q‘M(Vuh(x))}dx = /{2(1+|Vuh(a:)|2)1/2d93.
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By using the results of [15], or by adapting the argument of [20], Theorem 1.8, to the

vector case, we obtain that

A(w) < Timinf Au) = £7(Q) + |D*u|(Q) = /Q M(Vu(e))| de + |Dul(Q).

h—oo

The opposite inequality follows from Theorem 2.7. L]

3. A critical example in dimension two

In this section we prove that, if n > 1 and k > 1, then there exists a function
u € BVioo(R"™, R¥) such that the set function A(u,-) is not subadditive. Clearly it is

enough to consider the case n =k = 2.

Theorem 3.1. Assume that n =k = 2. Let us consider a partition of R?> composed of
three non-overlapping non-degenerate angular regions A, B, C, with common vertex at
the origin. Let o, 3, 7 be three non-collinear points in R?, and let u: R?> — R? be the
function defined by u(x) =, if xt € A, u(x) =0, if t € B, u(x) =7, if t € C. Then
there exist three bounded open sets, 1, Qa, Q3, in R?, such that Q3 CC Q1 UQy and
A(u, Q3) > A(u, Q1) + A(u, Q).

For every r > 0 we denote by B, the open ball in R? with center 0 and radius r,

and, for every R > r > 0, we denote by BEF the annulus Bg\B,..

Lemma 3.2. Let u be the function defined in Theorem 3.1. Then
Alu, B) < mr? + 2r(la =~ +[8 — )

for every r > 0.

Proof. For every € > 0 let us consider the sets
A, = {z € R? : dist(x, R*\ A) > ¢}, B. = {z € R? : dist(z,R*\B) > ¢}.

Let u.: R? — R? be the function defined by u.(z) = o, if x € A, , u.(x) = 3,if 2 € B.,
u.(xr) =, if z € R?\ (4. U B.). By Theorem 2.14 we obtain

Alug, By) < 7r2 + 2r +me)(|la— |+ |8 = 9]) .

Since (u.) converges to u in L'(B,; R?), the conclusion follows from the lower semicon-
tinuity of A(-, B,). []
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Lemma 3.3. Let u be the function defined in Theorem 3.1. Then
A(u, BfY) = n(R* = 1*) + (R—r)(Ja = B| + |8 =]+ |y — al)
for every R>r > 0.

Proof. 1t is enough to apply Theorem 2.14. L]
Lemma 3.4. Let u be the function defined in Theorem 3.1. Then

A(u, Br) > 7R* + R(la = B + 8 =]+ |y —al)
for every R > 0.

Proof. Assume, by contradiction, that
A(u, Br) < 7R* + R(la = B| +[8 =]+ |y —al)

for some R > 0. Then by Theorem 2.7 we have A(u, Bg) = L*(Bgr) + |D%u|(Bgr). By
Lemma 2.3 there exists a sequence (uy) in C'(Bg;R?), bounded in L*°(Bg;R?) and
converging to u in L'(Br;R?), such that

(3.1) L4(Br) + |D°ul(Br) = lim A(w, Br).

Since by Theorem 2.7 we have lihm inf A(up, Q) > A(u, Q) > L3(Q) + |D*u|(Q) for every
open subset  of Bp, from the additivity of A(up,-) and from (3.1) we obtain that

(3.2) lim A(un, Q) = L£2(Q) + |D*u|(Q)

h—oo

for every open set  contained in Br such that £2(BrNoN) = 0 and |D5u|(BrNON) =
0.

Let Wgr = BrxR?. By Theorem 1.6 we may assume that [G,,] — T weakly
in Dy(Wg), for some T € cart(Wg) satisfying ur = u L2?-a.e. on Br. By the lower

semicontinuity of the mass we have
My, (T> < hh—{{)lo MWR( [[Guh]] ) = hh—{glo A(uh7 BR) )
hence by (3.1)

(3-3) My, (T) < 7R* + R(la— Bl +[8 =]+ |y —al).
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Let a, b, ¢ be the points on dBp lying on the half lines separating B and C', C' and A,
A and B, respectively. Suppose that the triple (a,b,c) determines the counterclockwise
orientation on 0Bpg, so that 0[A] = [0,b] — [[0,¢] in Bg, and similar properties hold

for B and C'. We want to prove that
(3.4 T = [A]l x [o] + [BIx[8] + [C]x[7] + [0,a] x [8,7] +
' + [0,8] x [y, el + [0, ] x [, 8] + [0] xS

on Wg, where S is the integration over the triangle with vertices «, (3, v, oriented in
such a way that S = — [a, 8] — [6,7] — [7, ] - This implies that

My, (T) = 7R+ R(la— 8| + 18 — 7|+ |7 — a]) + Mg2(S5)

which contradicts (3.3).

In order to prove (3.4) we consider a covering of Br\{0} composed of three overlap-
ping open angular sectors €2,, €, €., with vertex at the origin. We shall assume that
Q, contains the open segment (0,a) and does not intersect the open segments (0,b),
(0,c¢), and that similar properties hold for €, and €.

Let us prove that

(3.5) T=[B] =[] + [C]x 7] + [0,a] x [8,7]  on Us=QuxR?.

As T € cart(Wg), we can write T' = 7(M, 6,£), where M is a countably 2-rectifiable
subset of Wr = BrxR?. Moreover, since u = ur L%-a.e. on Bgr, we can write
M = M,UM, and T = T, +T,, with M, ~ G, in the sense of H?, T, = [G.],
and L2(p(M,)) = 0, where p is the canonical projection from BrxR? onto Bpr (see
Theorem 1.3 and Remark 1.4). As [G,] = [B] x [8] + [C] x[y] on U,, in order to
prove (3.5) it is enough to show that

(3.6) Ts = [0,a] x [B,7] on U,.

Since 0T =0 on U, and 0[G,] = —[0,a] x [B] + [0,a] x [v] on U,, we have that
(3.7) 0T = [0,a] X [B] — [0,a] x[v] on U,.

By the lower semicontinuity of the mass and by (3.2) we have

52(Qa) + MUa(T5> = MUa(TT) + MUa (T8> = MUa (T> <
< lim My, ([Gy,]) = Jim A(un, D) = £3(2) + lal-|y - 6],
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hence

(3.8) My, (Ts) < lal-|y — 8]

Moreover L£2(p(M,)) = 0 and, being (u;,) bounded in L>°(Bg;R?), the support of T,
is bounded. We shall prove in Lemma 3.8 that these properties, together with (3.7) and

(3.8), imply (3.6). From (3.5), and from the analogous statements for €, and Q., we
obtain that

T = [A]l x[o] + [BIx[6] + [CT <[] + [0,a] x [8,7] +
+[0,6] x [, o] + [0,] x [ev, 5]
on (Br\{0})xR?2. Therefore, (3.4) holds for a suitable current S € Ry(R?) with finite
mass. As 0T = 0, we have 9S = —[a, 8] — [5,7] — [v,@] - Then, by the constancy
theorem, the current S coincides with the integration over the triangle with vertices «,
B, 7, with a suitable orientation. This shows that (3.4) holds with the prescribed S and

provides the desired contradiction. U]

In order to conclude the proof of Lemma 3.4, we have to prove Lemma 3.8. This
will require some auxiliary statements (Lemmas 3.5, 3.6, 3.7), which will be proved in
the general case U = QxR*, Q bounded open subset of R™, considered in the previous
sections. According to the notation introduced in Section 1, for every ¢ = 1,...,n we
set i=(1,...,i—1,i+1,...,n).

Lemma 3.5. Let T = 7(M,0,§) be an n-dimensional rectifiable current in U with
finite mass and with 0T = 0. Assume that

(3.9) €(z) espan{e; Aey :i=1,...,n}

for H"-a.e. z€ M. Then T =0.

Proof. By (3.9) we have
(3.10) T(w)=> T" (wi1)
i=1

for every w € D(U). Therefore
.. 0 . .
T%l(a—% = (—=1)""'T(dp A da?) = (=1)"" 19T (pda’) = 0
Y
for every i = 1,...,n and for every ¢ € D(U). This implies that the distribution T%! is
invariant under translations along the y'-axis. By (3.10) the same property holds for T .

Since T has finite mass, we conclude that T = 0. L]
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Lemma 3.6. Assume that k =1. Let T = 7(M,0,£) be an n-dimensional rectifiable
current in U with finite mass and with 0T = 0. If L™ (p(M)) =0, then T =0.

Proof. 1If L"(p(M)) = 0, from the area formula we obtain that for H"-a.e. z € M
the tangent space T,;z is projected by p onto a proper subspace of R™. This means
that €90 = 0 Hm"-a.e. on M, hence (3.9) is satisfied. The conclusion follows now from

Lemma 3.5. ]

Lemma 3.7. Assume that k = 1. Let a, 3 € R, let S be an (n — 1)-dimensional
rectifiable current in €, with finite mass, such that 0S =0 in Q, and let T = 7(M, 0,§)

be an n-dimensional rectifiable current in U, with finite mass, such that (—1)"0T =

Sx[af —Sx[B] in U. If L*"(p(M)) =0, then T = Sx [a, (] .
Proof. It is enough to apply Lemma 3.6 to the current 7' — (—1)"Sx [a, G] . L]

Lemma 3.8. Assume that n =2 and k = 2. Let o and 3 be two points in R?, and let
a and b be two points of 02 C R? such that Q0 contains the (open) segment between a
and b. Finally, let T = 7(M,0,§) be a 2-dimensional rectifiable current in U = QxR?
with bounded support. Assume that L2(p(M)) = 0, 0T = [a,b] x [o] — [a,b] x [3] ,
and My(T) <|b—a|-|B—«a|. Then T = [a,b] x [, ] .

Proof. We may assume that « = 0 and § = e;1. Let m:U — QxR be the projection
defined by m(xt, 22, y1,9?) = (21,22, 91, and let ¢: QxR — Q be the projection defined
by q(x!, 2%, y') = (2!, 22). As T has bounded support, the map 7 is proper on supp(7T),
so that O(m,T) = m,(0T) = [a,b] x [0] — [a,b] x [1] . Since T is a 2-dimensional
rectifiable current, 7,7 is rectifiable too, and we have 7,7 = 7(N,(,n), with N C
7(M). As q(N) C q(x(M)) = p(M), it follows that £%(¢(N)) = 0. By Lemma 3.7
we conclude that 7,7 = [a,b] x [0,1], hence N =~ [a,b]x[0,1] in the sense of H?,
and ( =1, n = |Z:Z| Aer H2*-ae.on N. As |b—a|l = H?*(N) < H3}(x(M)) <
H2(M) < |b— a|, we obtain (M) =~ [a,b]x[0,1] in the sense of H? and, by the area
formula, £(z) = :tﬁ Aey for H?-a.e. z € M. If we apply Lemma 3.5 to the current
T — [a,b] x [0,e1] , we obtain immediately T = [a, b]] x [0, 1] - []

Proof of Theorem 3.1. Let us fix o > 0. Since, by Lemma 3.4,

A(u, B,) > m0* + o(ja— B+ |8 —7|+|y—al),
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we can choose r close to 0 and R close to o, with 0 <r < o < R, so that
mr? + 2r(la =9+ |8 =) + 7R+ R(la = | + |8 =~ + |y — al) < A(u, B,).

Then B, CC B, U Bf}z and A(u, B,) > A(u, B,) + A(u, Bf?z) by Lemmas 3.2 and 3.3.
[]

4. An example with Sobolev functions

If n > 2 and k > 2, it is possible to find an example of non subadditivity for A(u, -)
even among Sobolev functions. Throughout this section we always assume n = k.
The function u of our example, already considered in [10], Section 3, Example 1, is
u(x) = z/|z|, which belongs to WLP(R™ R™) for all p < n. Therefore, the example

provided by the Theorem 4.1 and by Lemma 4.2 shows also that the condition p > n in
Theorem 2.9 can not be dropped.

Theorem 4.1. Assume that n =k > 3 and let u(z) = x/|z| for every x € R™. Then
there exist three bounded open sets, 1, Qo, Q3, in R™, such that Q3 CC Q1 UQy and
A(u, 3) > A(u, ) + A(u, Q2).

The proof of the theorem is based on Lemmas 4.2 and 4.3. Throughout this section
we shall use the following notation: for every r > 0 we denote by B, the open ball in
R" with center 0 and radius r, and by W, the cylinder B, x R™.

Lemma 4.2. Assume that n =k > 2 and let u(x) = x/|x| for every x € R™. There

exists a constant r, > 0, depending only on n, such that, if r > r, , then
A(u, B,) = Mw, ([G.]) +wn = / ‘M(Vu(a:))‘da: + wp,
B'r‘

where w,, is the measure of the unit ball in R™.

Proof. As u € C(B,\{0};R"), the second equality follows from (1.4). Let us prove
that A(u, Br) < Mw, ([Gy] ) + wy . For every h > 2 let pp: R — [0, 1] be a function of
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class O, with ¢ (t) = 0 for t < 1/h?, @u(t) =1 for t > 1/h, and 0 < ¢'(t) < 2h for
every t. Let us define uy,(z) = ¢n(|z))u(z). Then uy, € CH(B,;R"™) and

(4.1) up — u  in WHP(B,; R™) forp<mn,
(4.2) / \MOO(Vuh)Mx = / |det Vup|dx = wy, for h > 1/r.
B, Bl/h

In particular, (uy) converges to u in L'(B,; R™); moreover, by (4.1) we have
(4.3) MB(Vup) — M*P(Vu) in LY(B,)

unless & = 0 and 3= 0= (1,...,n). For any nxn matrix A let M’(A) be the n-vector
defined by M’(A) = M(A) — M°(A) g1 A -+ A ey, so that, with respect to the basis
(ea Aeg), M'(A) has the same components as M(A), except the component 00, which
is 0. Since

A(up, By) g/ |M’(Vuh)|da:+/ MO (V)| da

B, B,
and M%(Vu) = det (Vu) = 0, by (4.2) and (4.3) we get

(4.4) A(u, B,) < / IM(Vu)|dx + w, = Mw, ([Gu]) +wn -

B

To get the opposite inequality, let (vy) be a sequence of regular functions converging
to u in L*(B,;R™) such that A(u, B,) = hlim A(vy, By). By Lemma 2.3 we may assume
that (vp) is bounded in L*°(B,;R"). By rFﬁizorem 1.6 (applied to the annulus B, \ B
for every € > 0), we may suppose also that [G,,] — T weakly in D, (W,) for some
T € cart (B,;R") satisfying T, = [G,] . Since (vp) is bounded in L*°(B,;R"), the
support of T is contained in the product B, xBp for some R > 0. As in Theorem 2.4,

by the lower semicontinuity of the mass we obtain

(4.5)  Mw, ([Gu]) + Mw,(T5) = Mw, (T)) + Mw, (Ts) = Mw,(T) < A(u, B,),
so that (4.4) implies

(4.6) Myw, (Ts) < wn -

r —

Let us compute the boundary of [G,] . As

Gu = {(z,2/|z]) : 2 € R"\{0}} = {(ey,9): 0> 0,y € 9B},
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we can write G,, = ®(]0, +00[x 0B ), where ®: RxR" — R"xR" is the function defined
by ®(0,y) = (0y,y). Therefore we have [G,] = @, ([0, +00]xd[B1] ), and this implies

I[G.] = @,(9([0, +oc]x0[B1])) = ®,(— [0]xI[B1]) = — [0]xI[Bi] -
Since T = 0, we necessarily have
(4.7) 0T, = —0[G.] = [0]x0[B1] -

So far we have proved that T has mass not larger than the volume of a unit n-ball,
and its boundary (in W,.) is the boundary of a “vertical” unit n-ball above z = 0. We
will prove that, if the set {0} x 0By is sufficiently far from the boundary of W,., then

(4.8) My, (T5) = Mw, ([0] x [B1]) = wn ,
so that (4.5) implies
(4.9) A(u, B;) > My, ([Gu] ) + wn ,

which, together with (4.4), concludes the proof of the lemma. Instead, if r is small, then
(4.6) might be strict, as we shall see in Lemma 4.3, at least if n > 3.

If the the projection onto B, of the support of Ty is compact in B,., then Ty can
be regarded as a current in R"xR" with Mpgnxgr»(Ts) = Mw, (Ts), and its boundary
in R"xR"™ is [0] xJ[B1] , so that Ty, = [0] x [B1] by the minimality of the disk,
and, consequently, (4.8) and (4.9) are proved. Therefore, it is enough to prove that this
property of the support of T is always satisfied, if r is sufficiently large.

Assume, by contradiction, that the projection onto B, of the support of T is not
compact in B,.. Then we slice Ty along cylinders. Set 9 (x,y) = |z|; for L1-a.e. t €]0,7]
(more precisely, for every ¢ € ]0,r[ such that My, (TsL_ {¢ =t}) = 0) the slice of Ty is

the rectifiable current of dimension n — 1 defined by
(Ts,9,t) = —0(Ts L {y > t}).

Note that, by (4.7), we have My, (0Ts| {¢ =t}) = 0 and (0Ts)_ {¢p > t} =0, so
that our definition of (T§,,t) coincides with the classical one (see [25], 28.7). Since
V| < 1, by the properties of the slices (see [25], Lemma 28.5) we get O(Ts,¢,t) =0

and

(4.10) M, (T, (9> 1)) 2 [ M, (To,6.7) dr.
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As the support of Ty is contained in B, x Bg, the slices (T}, 1,t) have compact support
in W, (see [25], 28.8), therefore My, = Mpgnyxgr~ for the slice, and by the Isoperimetric
Theorem (see [25], Theorem 30.1) for L£'-a.e. t € ]0, 7| there exists a current S; with
support in B;x Bg, boundary 0S; = —(T,,t), and satisfying
n/(n—1)
Mrcie (51) < 9 [Mincrn (T, 6, 1) ,
where 7,,, the isoperimetric constant, depends only on n. If My (TsL {¢ > t}) >
MRgrxrn (St), then the current (75| {¢ < t}) + S; has the same boundary in W, as
T, less mass, and compact support in W,., thus its mass is at least w,, by (4.7) and by
the minimality of the disk. This implies My, (Ts) > w,,, a contradiction to (4.6). We

may therefore assume that

n/(n—1)
(A1) My (T {6 > 1)) < Mivere (81) < 2 [ M, (T3 1))
for £1 almost all ¢ € ]0,r[. If we set
"r1 1-1/n
)= [ [ Mu @]

by (4.10) and (4.11) we have
n/(n—1 1
(4.12) (=<)"Y = =),
and the assumption on the support of T implies that ((¢) > 0 for all ¢ < r. Moreover,
(4.6), (4.10), and (4.11) give ¢(0) < My, (Ts) < w,. An easy computation shows that

(4.12) implies

. 1/n 1/n r
0 < }51714({(15)) < (€0) " = —=7r
NYn
and a contradiction arises if we take r > r, = nwyll/ n’y}fl/ " . This shows that, if r > 7,

then the projection onto B, of the support of Ty is compact in B, , and this concludes

the proof of the lemma. U]

We stick to the notation u(z) = z/|z|, W, = B,xR™; the second step in the proof
of Theorem 4.1 is provided by the following lemma.

Lemma 4.3. Let n =k > 3. Then there exists a constant c,, > 0, depending only on
n, such that

(4.13) A(u, B,.) < My, ([Gu]) + cnr

for every r > 0.
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Proof. Without loss of generality we prove the proposition only in the case n = k = 3.
Using spherical coordinates on R3 and rectangular coordinates on R§7 the function

u(x) = x/|z| is rewritten as
(0,9, ¢) = (sind cosp, sind sinp, cosv),

where o > 0 is the distance from the origin, 0 < ¥ < 7 is the anomaly from the north

pole, and 0 < ¢ < 27 is the longitude. Fix 0 <79 < r and 0 < ¥y < 7/2, set

_ Q/T()? lfOSQST’(),
g(g>_{1, ifro <o<r,

9, if0 <9 <m—1o,
Tl (r—9), fr—dg<d<m,

)=
and define

50,9, 2) = (sin(g(0)f (9)) cosi, sin(g(0)f(9)) sinp, cos(g(0) /(9))) -

The function v, corresponding to v in cartesian coordinates, coincides with u on a large
portion of B,, with two exceptions: in a cone of amplitude ¥y about the south pole,
which is reversed onto the complement of its outer surface in 0B, and in the ball B, ,
where some smoothing had to be done. We recall that for any function w, when passing

to spherical coordinates, we have

Dyw|> | Dy]?
(414).[7i\1huﬁdxHhﬁdx3:: [%yf}D@wP-+‘ Z;” +—| 20| >g2shn9dgd§d¢.

02 sin?y

Moreover, since v(B,) C 0B, we have det Vu(z) = 0 everywhere in B,. To estimate
the integral of |Vv — Vu|?, we remark that, defining 'y, = {z € B, : 7 — 99 <9 < 7},

the cone about the south pole, we have with an easy computation

L =0 inBr\Bro,
D, (5 — ) { =

=0 in B, \ (B, UTy,),
| Dy (0 — u) <ec in By, \ I'y,,

<¢/¥y iny,,

=0 in B, \ (B, UT'y,),
|D(P(1~) — )| < in By, \Fﬂm

=9
< cfpm in Dy,
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Then we have easily by (4.14)

/ Vv — Vul2de < cro/Vo, / Vv — Vu|*de < cr,
B,\T's, Ty,

for some absolute constant ¢. Now take two positive sequences (r) and (¥3), converging
to 0 as h — o0, and such that hler;O rp/9, = 0, and let vy, be the corresponding functions
obtained by taking ro = r;, and ¥y = ¥, in the definition of the functions g(p) and
f(¥). Our previous remarks, together with the fact that £3(T'y,) — 0, imply that (vs)
converges to u in L'(B,;R?), det Vv, =0 in B,, and

(4.15) lim |V, — Vul|?*dz = 0,
h—o0 BT\F'@h

(4.16) / |IM(Vup)|dx < cr.
Ty,

As n =3 and det Vu, =0, (4.15) gives

lim IM(Vup) = M(Vu)|dx = 0,
h—oo Br\rﬂh

hence

(4.17) lim IM(Vup)|ldx = Mw, ([G.]) -

h—>OO BT\F'@h

As the functions vy, are Lipschitz continuous, by Theorem 2.9 we have

A(vy, By) :/ IM(Vop)|dez,

B,

so that, by the lower semicontinuity of A(-, B,), (4.13) follows from (4.16) and (4.17).
[

Proof of Theorem 4.1. Let r, and ¢, be the constants appearing in Lemmas 4.2

and 4.3, and let o > r,,. By Lemma 4.2 we have

(4.18) A(u, B,) = / IM(Vu)| dz + w, .

B,

We can choose r close to 0 and R close to o, with 0 < r < o < R, so that

(4.19) /B

IM(Vu)| dx + w, > /

Br

IM(Vu)|dx + / IM(Vu)|dx + c,r.

e B,
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Let us define Q1 = B,., Qo = BR\FT/Q, 3 = B,. Then Q3 CC 27 UQy. Since u is

regular on €2y, by Remark 2.2 we have

(4.20) A, Q) < /B M(Vu)| dx,

while Lemma 4.3 gives

(4.21) A, ) < /B MV dz + cnr.

Therefore A(u, Q3) > A(u, ) + A(u, Q) by (4.18), (4.19), (4.20), (4.21). 0

5. Absolute continuity of the relaxed functional

In this section we examine some conditions on u € BV (2; R¥), weaker than those
considered in Theorem 2.12, under which the relaxed functional F(u,{)) can be written

in the form

(5.1) Fu,Q) = /Qf(x,u(x),Vu(x)) dx .
In particular, we shall prove that, if

(5.2) Alu, Q) = /Q\M(W(x))\ dr < +o0,

then (5.1) holds under very weak assumptions on f.

In addition to conditions (i), (ii), (iii), (iv) of Section 2, we shall now assume that

(v) for every xg € 2, yo € R*, &€ > 0 there exists § > 0 such that

| f(z0,y, A) — f(z0. 90, A)| < e(IM(A)] +1)

for every A € M**" and for every y € R* with |y —yo| < 6;

(vi) there exists a constant ¢; > 0 such that f(z,y,A4) < c1(JM(A)| + 1) for every
reN, yeRF, AecMF*n,
We begin by improving the results of Proposition 2.1. We recall that = is the space of
all n-vectors of R"<R¥*. We shall consider also the hyperplane =00 — {EeE: SOO =1}
and the half-space 2t = {£ € = : 560 > 0}. The following lemma will be used to obtain

upper bounds for the function g introduced in the proof of Proposition 2.1.
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Lemma 5.1. For every £ € = =00 there exist a finite family (A%);cr in MF*" and a
finite family (\');cr of positive real numbers such that
(5.3) dXi=1, Y NM@A) =¢, D NMAY| <

il il il

where ¢ = cp i, > 1 is a constant depending only on n and k.

Proof. Given an integer h between 0 and m = min{n, k}, we shall consider the space
=, of all n-vectors of R"xR* of the form

£: Z gaﬁea/\gﬂa

la|+[B|=n
[BI<h

and the affine subspace HOO =Z,NE0 = {E €ty : 500 = 1}. It is clear that Em =Z, 80
that 39,9 =00 while Zy = {teo 1t € R}, where e¥ = el A---Ae™, so that Z)° = = {eb}.

We want to prove, by induction on h, that (5.3) holds for every & € H?LO, with a
constant ¢ = ¢, kn. As _00 = {e"} and M(0) = e, the proposition is true for h = 0,
with ¢, 10 = 1. Suppose that it is true for a given h, with 0 < h < m. We want
to prove that (5.3) holds, with a different constant c, for every £ € Z0°,. Let us fix
e =00 . Then we can write

—h+1
g: Z é’aﬂea/\gﬁ_i_c,

|la|l=n—h—1
[B|=h+1

with ¢ € H?lo. Let r = (hil)(hﬂ) +1. Given |of = n—h—1 and || = h + 1,

we can construct a matrix A € MF*" with e(a)Ag,4, = 1€, with Ag.s, = 1 for
1=2,...,h+ 1, and with all other entries equal to zero. Let us denote this matrix by
A%B  Then

M(APY = 1r€°P ey Neg + Nag
with 75 € E?lo, and |[M(AP)| < r2h|€vB| 420 < r2h+L|€]. This implies that

r r

£= > MAY)

|la|l=n—h—1
[Bl=h+1

where 7 € EOO and |n| < r(r2"*14+1)[¢|. By the inductive hypothesis there exist a finite

family (A%);c; in M**" and a finite family (A");c; of positive real numbers such that

SN =1, SoNMA) =g, SONIMAY] <€ connlnl-

el el el
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Let J be the disjoint union of the sets I and H = {(«, ) : |a| =n—h—1, |B| = h+1},
and let (B7),cs be the family in M**" defined by B = A7, if j € I, and by B = A%,
if j = (o, 8) € H. Finally, let (4/);cs be the family of positive real numbers defined by
p' =N /r if j€I,and by w/ =1/r,if j € H. As H has exactly r — 1 elements, we

obtain

| - - y
dou =1, zuwm:;zmw“ S MU

jeJ jeJ iel la|=n—h—1
|B|=h+1

> M) < ZA’MA (AY)] > IM(A)] <
jedJ ZEI 7” | Ei;ﬁfl

Cn,
ik ’w |4+ 7 2P e < ((r 2" Ve pon + 72 ¢,

<

which concludes the proof of (5.3) in the case h + 1. [

The following proposition improves the results of Proposition 2.1. As in the previous
sections, the cylinder QxR* will be denoted by U.

Proposition 5.2. Assume that f satisfies conditions (i)—(vi). Then there exists a
function g:UxZE — [0, +00] such that:

(a) f(z,y,A) = g(z, M(A)) for every z = (z,y) € U and for every A € MFX";

(b) the function g is lower semicontinuous on UXZ, and, for every x € ), the function

(y,€) — g((z,y),&) is continuous on R¥x=+;

(c) for every z € U the function & — g(z,£) is conver and positively homogeneous of

degree one on =;

(d) there exists a constant Cy > co such that colé| < g(z,&) < C1|€| for every z € U

and for every & € 2T | where ¢y is the constant in condition (ii).

Proof. Let g and go be the functions defined in the proof of Proposition 2.1. Then (a)
and (c) follow from Proposition 2.1, together with the lower semicontinuity of g and the
lower bound in (d). The upper bound in (d) follows from Lemma 5.1.

By (ii) and (v) for every zo € Q, yo € R¥, ¢ > 0 there exists § > 0 such that

f(.il)o,y,A) < (1 +5)f(5507y0714) + € and f(x()?y()?A) < (1 +5)f(f130,y,14) + €
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for every A € M**" and for every y € R* with |y — yo| < . By Lemma 5.1 and by
Proposition 2.1(d) for every zo € Q, yo € R¥, £ > 0 there exists § > 0 such that

190((z0,9),€) = g0((z0,%0),€)| < e(l€]+1)

for every ¢ € 200 and for every y € R* with ly — yo| < §. By the definition of g

this implies that for every zy € €2, the function (y,&) — g((xo,y),€&) is continuous on
RFxET. ]

The following lemma will be used in the proof of Theorem 5.4.

Lemma 5.3. Let (vs) be a sequence in L'(Q, R™) which converges in the weak™ topol-
ogy of M(; R™) to a function v € L*(Q,R™). Assume that

/Q(l—l—|v(a:)\2)1/2dx = lim [ 1+ jon@)?) Y de.

h—oo Q

Then (vy) converges to v in the strong topology of L*(£2,R™).

Proof. Let up,, u:Q — R™T! = R™ xR be defined by uy(z) = (vi(x),1) and u(z) =
(v(z),1). Then (up) converges to u in the weak* topology of M(Q; R™*!) and

(5.4) /Q|u(a:)|dx = hlirgo/§2|uh(x)|dx.

Given ¢ € C%(;R™), let us define the continuous function ¥:QxR™* — R by

Y(z, () = |<A° — Cma1p(x)|, where (= (¢1,-+-,Cm)- Since ¥ is convex and positively ho-
mogeneous of degree one with respect to ¢, from (5.4) and from Reshetnyak’s continuity
theorem (Theorem 1.2) it follows that

/¢xu :hhm/d)xuh
hence

(5.5) /|v x)|dx = hlim / lop (z x)|dx

for every ¢ € CO(; R™). As C%(2; R™) is dense in L*(2, R™), it is easy to prove that
(5.5) holds true for every ¢ € L'(Q, R™). The conclusion follows now by taking ¢ = v.
[]
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Theorem 5.4. Let u € BV (;R¥). The following conditions are equivalent:
(a) A(u,Q) = /‘MVU z))|dz < +oo;
M(

(b) v € WHL{Q;RF), Vu) € LY (% E), and there exists a sequence (up) in
CH{Q;RF), converging to u in L'(Q;RF), such that (M(Vuh)) converges to
M(Vu) in LY E).

Proof. 1t is clear that (b) implies (a) by Theorem 2.7. Let us prove the converse.
Assume (a). Then M (Vu) € L'(Q;Z). Moreover D*u = 0 by Theorem 2.7, hence u €
Wh1(Q; R¥). By Remark 2.2(b) there exists a sequence (uy,) in C'(€; R¥), converging
strongly to u in L'(£2; R¥), such that

/‘M(Vu(a:))}da: = lim /}M(Vuh(a:))‘dx
Q Q

h—oo

By Theorem 1.6 we may assume that [G,,] — T weakly in D, (U), for some T €
cart(Q; R¥) satisfying u, = u L"-a.e. on .. By the lower semicontinuity of the mass

and by Theorem 1.5 we have
My (T;) + My (T5) = My (T) < lim My([Gy,]) = lim A(up, Q) =
= /‘M(Vu(a:))‘da: = My(T,),
Q

hence Ts =0, T =T, and for every w € D"(U) we have

= L<M(Vu(x)),w(x,u(x))>dx
by Theorem 1.3(g). This implies that
My (T) = /Q‘M(Vu(a:))‘daj,

thus (a) gives My (T) = hlim My (Ty). As (Tn) converges to T weakly in D, (U), we

conclude that T(w) = hlim Th(w) for every bounded continuous function w:U — Z'|
—00
where Z’ is the space of all n-covectors of R"xRF. In particular

/(./\/l (Vu(zx (z))dz = lim /(./\/l (Vup(x (z)) dx

h—oo

for every bounded continuous function ¢:Q — ='. Therefore (M(Vuh)) converges to
M(Vu) in the weak* topology of M(£;E). Since M®(Vuy,) = M%(Vu) = 1, Lemma
5.3 implies that (M(Vuy)) converges to M(Vu) in L' (Q;E). []
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Remark 5.5. The proof of Theorem 5.4, together with Lemma 2.3, shows that, if
A(w, Q) = [, IM(Vu(z))|dr and v € BV (Q;RF) N L°(Q;RF), then there exists a
sequence (uy,) in C'(Q; RF), bounded in L*(Q; R¥) and converging to u in L!'(Q; RF),
such that (M(Vuy)) converges to M(Vu) in L'(Q;E).

Remark 5.6. The proof of Theorem 5.4 shows that, if A(u,Q) = [, |M(Vu(z))|dz,

then the current

T(w) = /Q<M(Vu(a:)),w(x,u(x))>dx,

which is well defined by Theorem 5.4(b), belongs to cart(2; R¥). A conterexample in [13]

shows that the converse is not true, even if u € W1?(€; R¥) for every p < min{n, k}.

Remark 5.7. Theorem 5.4 implies that, if A(u,Q) = [, |[M(Vu(z))|dz < +oo for

some open set ), then the same property holds for every open subset of 2.

The following proposition shows that (5.2) implies (5.1) under very weak assumptions

on f.
Proposition 5.8. Assume that f satisfies conditions (i)—(vi). Then (5.2) implies (5.1).

Proof. Assume that f satisfies (i)—(vi) and let g be the function given by Lemma 5.2.

Then the functional
(5.6) (v,w) — /Qg((x,v(a:)),w(x)) dx

is continuous on L(; R¥)xL'(Q;=*) by the Carathéodory continuity theorem (see,
e.g., [26]). If (5.2) holds, then by Theorem 5.4 there exists a sequence (uy,) in C1(£; R¥),
converging to u strongly in L'(Q; R"), such that (M(Vuy)) converges to M(Vu) in
LY(©;E). By the continuity of (5.6) we have

i | (e un(@), M(Vu(a))) do = [ g{(ou(e)), M(Vu(a)) da

so that
Flu, Q) < /f(x,u(x),Vu(x))dx.

Q

As the opposite inequality is given by Theorem 2.8, we obtain (5.1). U]
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6. Further properties in dimension two

Throughout this section we shall assume n = 2. Given a bounded open set g C R?
and a function u € BV (Qg; R*) N L>=(Qo; R¥), we shall prove a stability result for the
class £(u, ) of all open subsets © of 2y such that

(6.1) A(u, Q) = /Q}M(Vu(as))‘dx

The main result of this section is the following theorem, which can be regarded as an

improvement, in the special case n = 2, of the stability result stated in Remark 5.7 .

Theorem 6.1. Let 1 and Qo be two bounded open subsets of R? let u be a function
of BV (Q1 U Qg; RF) N L>(Qy U Qo R¥) such that A(u, Q) = Jo, IM(Vu(x))| dz and
A, Qo) = [, IM(Vu(x))|dz. Then

A(u, Q) = / | M(Vu(z))|dx
Q
for every open set Q with Q CC Q1 UQs.

We begin by proving the theorem in the case of two polyrectangles with a nice

intersection, according to the following definition.

Definition 6.2. A polyrectangle of R? is any finite union of open rectangles of R?
with sides parallel to the axes. Two polyrectangles A and B of R? are said to have
a nice intersection if, after renumbering the coordinate axes and changing, if necessary,
their orientation, there exist a strip S = {# € R? : ¢ < 2! < b}, corresponding to an
open interval I = ]a,b[, and an open subset C of R, such that A C {x € R? : 2! > a},
BC{reR?:2' <b},and ANS=BNS=1IxC.

The following proposition deals with the special case of two polyrectangles with a

nice intersection.

Proposition 6.3. Let Q; and Qs be two polyrectangles of R? with a nice intersection
and let u € BV (Q1 U Qg; R¥) N L®(2; U Qo; RF) be a function such that A(u, Q) =
Jo, IM(Vu(z))| dz and A(u, Q) = [, IM(Vu(z))|dz. Then

(6.2) Au, Q UQs) = /Q W IM(Vu(z))|dz .

To prove the proposition we need the following lemma.



42 E. ACERBI and G. DAL MASO

Lemma 6.4. Assume that 2 = AxB, where A and B are open subsets of R. Then
for every u € LY(Q;RF¥) and for every ¢ > 0 there exists closed set A. C A, with
LYA\ A.) < e, such that

(6.3) lim / lu(z), %) — u(xd, 2?)| de? =

h—o0 B

for every sequence (z}) in A. converging to a point x} € A. .

Proof. Let v € L*(2; R¥) and let v: A — L'(B; R¥) be the function defined by v(z!) =
u(x!,-). Then v is Bochner integrable on A. By Lusin’s theorem, there exists a closed
set Ac, with £1(A\ A.) < €, such that the restriction of v to A. is continuous, and this
implies (6.3). [

Proof of Proposition 6.3. By Theorem 5.4 we have u € Wh1(Q; U Qs; RF) and
M(Vu) € LY (2, UQy; =), where E is now the set of all 2-vectors of R2xR*. Moreover,
by Theorem 5.4 and by Remark 5.5, there exists a sequence (v;,) in C*(Q;; R¥), bounded
in L>(Q;R") and converging to u strongly in L*(Qy; R¥), such that (M(Vuvy)) con-
verges to M(Vu) strongly in L'(Q;Z). Similarly, there exists a sequence (wy) in
C'(Q2; RF), bounded in L*(Q; R¥) and converging to u strongly in L!(Q9; R¥), such
that (M(Vwy)) converges to M(Vu) strongly in L'(Q;Z). We want to construct a
sequence (zp), converging to u (or to a function sufficiently close to u), with z, = vy,
on Q1 \ Qs and z, = wp, on Oy \ 1, such that the integrals of the functions |M(Vzy)|
on the sets {zp, # vp} N{zn # wp} NQ are sufficiently small. We shall see later that this
implies (6.2).

We may assume that there exist a strip S = {z € R? : a < 2' < b}, corresponding
to an an open interval I = ]a,b[, and an open subset B of R, such that Q; C {x € R?:
2t <b}, Qi C{reR?: a2t >a},and Q3 NQ = QNS = QNS = IxB. As
Dyu € LY(IxB;R¥), there exists a Borel set Ag C I, with £'(I'\ Ag) = 0 such that

tYVL
lim / }u my T u(t,xz)‘ dz? = lim / / }Dlu(asl,xQ)} deldz® = 0
for every decreasing sequence (t,,) in Ag converging to a point ¢t € Ay. By Lemma 6.4
there exists a Borel set A C Ag, with £}(A) > 0, such that

(6.5) /}M(Vu(t,xz))}dxz < +00,
B

(6.6) lim /}M(Vu(tm,xQ)) M(Vu(t, z%)) }dx =
B

m—00
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for every sequence (t,,) in A converging to a point ¢t € A. By Fubini’s theorem, passing,

if necessary, to a subsequence, we may also assume that for every z! € A

(6.7) /B|u(:v1,x2)|dx2 < 400,

(6.8) Jim [B|vh(x1,x2)—u(xl,x2)|dx2 =0,

(6.9) hllrgo/ lwy, (!, %) — u(z!, 2?)| dz® = 0,
(6.10) hm /‘M (Vo (2!, 2?)) — M(Vu(xl,xQ))‘de =0,
(6.11) Tim /B\M<vwh(x1,x2))—M(Vu(xl,x2))\dx2 _ 0.

Let us fix a decreasing sequence (t,,) in A, converging to a point ¢t € A, and let us fix
m € N. We define the sequence (z,) in WH>(Q; U Qy; R¥) by setting

v (2t 22), if (z1,22%) € Q; and 2! < ¢,
2 (2t %) = ﬁl__tf;“ vp(t, 2%) + f;:iwh(tm,mz) , ift <a!'<t,, and 2? € B,
wy (2t 2?) if (z1,22%) € Qp and 2! > t,,

By (6.8) and (6.9) the sequence (z;,) converges in L'(Q; U Qo; R¥) to the function wu,,
defined by

u(zt, z?), if (z1,2?) € Q; and 2! < ¢,

1

= { otny(t,2?) 4 Etu(t,,2?), ift<z' <t, and > € B,

um(:cl, 332)

u(zt, 2?), if (21, 2%) € Qy and 2! > t,,

Moreover, setting Q% = {zx € Q; : 2! <t} and Q5" = {x € Qy : 2 > t,,,}, we have

liminf/ | M(Vzp(z))|dz < lim }/\/l (Vop(2))| dz +
Q1UQ-

h—o0 h—o0
(6.12)
+ lim | M(Vwp(z))| dz + en < / IM(Vu(z))|de + em
h—o0 Jotm QU0
where

t?n
Em = limsup/ /‘M(Vzh(xl,xQ))‘dxzdxl.
t JB

h—o0
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We shall prove that

(6.13) lim ¢, = 0.

m—00

Let us show that (6.13) implies (6.2). From (6.12) we obtain

AU, 21 U Q) < / IM(Vu(z))|dz + &, .
Q1UQ-
Since A(+, 3 UQy) is lower semicontinuous in L'(£2; UQy; R¥) and (u,,) tends to u in

L'(Q; UQs; RF), the previous inequality together with (6.13) yields

A(u, Q1 UQs) < / }M(Vu(x))}dx
Q1UQs
As the opposite inequality follows from Theorem 2.7, we obtain (6.2), and the proposition
is proved.

1

Let us prove now (6.13). For every h € N, for every ' € |t t,,[, and for every

22 € B we have

Dizp(z', %) = 6.1 (wi(tm, %) — on(t,2%)) = 6,  (wp(tm, 2°) — ultm, z*)) +

(6.14)
+ 6, (utm, 2%) —u(t, %)) + 6.," (u(t, 2®) — v (t, 2?)) ,
where 6,, = t,, —t, while

(6.15) Dazp(at,2?) = Z=tm Douy (¢, 22) + Z=L Dowy, (tm, 22) .

t—tm tm —t

By (6.14) we have

tm
/ / |Dyzp (2t 2)| da?det < / \wh (tm, 2%) = u(tm, 2?)|dz” +
t JB B
+ / |w(tm, z*) — u(t,2*)| da® + / u(t,z%) — vy (t, 2%)| da® .
B B

By (6.8) and (6.9) the first and the last integral in the right hand side of the previous

formula tend to 0 as h tends to 4+o0o. Therefore,

tm
(6.16) limsup/ / | Dy zp, (21, 2%)| da?dat < /‘u(tm,xQ)—u(t,a:Z)‘da:Q =l
t JB B

h—o0

and (gl,) tends to 0 as m tends to +oo by (6.4).
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From (6.15) we obtain

t7ﬂ
/ / | Doz (2t 22)| da? dat < 6m/ | Dawp, (t, 2%)| d2® + 5m/ | Dowy, (t, 2%)| da?
t JB B B

so that (6.10) and (6.11) give

tm
limsup/ /|D2zh(a:1,x2)|dx2dx1 <
(617) h—oo t B

< 5m/ | Dyu(t, 22)| da? + 5m/ Dou(ty, )| da? = 2. |
B

and (£2,) tends to 0 as m tends to +oo by (6.5) and (6.6).
Let us estimate now the components of M(Vz,) of the form M%) (Vz;,) with
|B| = 2. By (1.3) we have
Difi(a) Dozt (a)
|IMOP (V2 (2))| = | det
Dixf(a) Doz (a)
By (6.8), (6.9), (6.14) the first column of this matrix is bounded in L (]t, t,,[x B; R?)
and converges in L'(J¢,t,,[xB;R?), as h tends to 400, to the vector
uP (b, £2) — uPr(t, 22)
5—1
P2 (t,, %) — uP2(t, 2?)

By (6.10), (6.11), (6.15) the second column converges in L!(]t,t,,[x B;R?) to

It_ttm DouPr(t,z%) + £ _thuﬁl( ,1?)

& Sto DyuP2 (t,22) + £= Do (L, 27)

Therefore
(6.18) han;O /ttnxg‘./\/loﬁ(v,zh(:cl,xz))}da:Qda:l <ée,
where
e = / |w(tm, z%) — u(t, 2?)] (}Dgu(t,xQ)‘ + }Dgu(tm,mQ)D dz?.
Since u is bounded, (2,) converges to 0 as m tends to +oo by (6.4), (6.5), (6.6). As

IM(Vz)| <1+ |Dizi| + [Dazl + D IMO (V)]
|B]=2
from (6.16), (6.17), (6.18) we obtain that &,, < €, +el +¢e2, + (5)ed,,
SmLY(B). This shows that (e,,) tends to 0 and concludes the proof of the proposition.
[]

where €9 =
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To prove Theorem 6.1 we need the following decomposition lemma for polyrectangles.

Lemma 6.5. Let A be a polyrectangle in R?>. Then for every € > 0 there exist two

families of polyrectangles (A;)1<i<i, and (Aij)i<i<iy, 1<j<j, With the following proper-

ties:
(6.19) diam(A4; ;) <e¢;
(6.20) A= U A; and A; = U Ajjs
1<i<io 1<5<jo
(6.21) fori < iy the sets B; = U A, and A;11 have a nice intersection;
1<k<s

(6.22) for j < jo the sets B; j = U A and A; j+1 have a nice intersection.
1<k<j

Proof. Let us fix ¢ > 0. Let E' (resp. E?) be the projection on the z'-axis (resp.
on the z2-axis) of the union of all one-dimensional faces of A perpendicular to the x!-
axis (resp. to the z%-axis). As E' and E? are finite sets, we can find a finite number
of open intervals Iy = |ay,b1[, Is = Jag,ba, ..., Ii; = ]ai,,bi,[, and J1 = Je1,dq],
Jo = lea,daf, .., Jjy = ]cig, diy[, With a; < a;11 < b < by for every i < ig, with
cj < cjr1 < dj < djyq for every j < jo, and with diameter less than e/+/2, such that
the intervals I; N 1; 11 = |a;41,b;[ do not intersect E', the intervals J;NJ;41 = ]cj11, d;]
do not intersect E?, while the union I; U---U I;, = |ay, b;,[ contains the projection of
A on the z'-axis, and the union J = J; U---U Jj, = le1,d;,[ contains the projection of
A on the x?-axis.

For every 1 <1 < ip and for every 1 < j < jo we define A, = AN (IixJ) and
A;; = AN (I;xJ;). Conditions (6.19) and (6.20) are clearly satisfied. In order to
prove (6.21) for i < ig, we note that B; = AN (Jai,b;[x.J). Let us consider the strip
S={zxeR?:a;41 <z' <b;}. Then A;x1 C{r € R®:a;41 < 2'}, B; C {x € R?:
! < b;}, and

SﬁBi = SﬁAH_l = Aﬂ(]aiﬂ,bi[xJ) = ANS.

Since the strip S does not meet any one-dimensional face of A perpendicular to the
rl-axis, the intersection A NS can be written as a product Ja;y1,b;[xC, where C is a
suitable open subset of R. This concludes the proof of (6.21). The proof of (6.22) is

analogous. L]
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Proof of Theorem 6.1. Given an open set Q with  CC 27 U Qq, there exists a
polyrectangle A such that @ C A CC Q; U Qy. By the Lebesgue Covering Lemma
there exists € > 0 such that any open ball with radius ¢ about each point of A is
contained either in 27 or in €25. By Lemma 6.5 there exist two families of polyrectangles
(Ai)i<i<i, and (A; j)1<i<io,1<j<jo, Which satisfy conditions (6.19)-(6.22). By (6.19) and
by the choice of € each polyrectangle A; ; is contained either in €2; or in §2. Therefore,
Remark 5.7 implies that all polyrectangles A; ; belong to the family £(u, Q2;UQ,) defined
by (6.1). From Proposition 6.3 and from (6.22) we obtain by induction that the sets B; ;
belong to &£(u, 2 UQy) for every 1 < i < iy and for every 1 < j < jo. In particular,
taking (6.20) into account, for j = jo we get A; € E(u, Q1 UQy) for every 1 < i < ig.
From Proposition 6.3 and from (6.21) we obtain by induction that the sets B; belong to
E(u, Q1 UQy) for every 1 < i < ig. In particular, taking (6.20) into account, for i = i
we get A € E(u, Q1 UQs). As Q C A, the conclusion follows from Remark 5.7. []
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