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1 Introduction

Many classical results concem the regularity of minimizers u of

/ F(z, Du)dz,
o}

where F' satisfies the standard growth conditions
(1) |2|P < F(z,2) < e(l+(z|”) for some p > 1.

Following an example by Giaquinta [5], see also [7],[9], several papers appeared in
which (1) is replaced by

[2|P < F(z,2) <1+ 2|7 for some g >p > 1.
Most of these deal with anisotropic (but essentially homogeneous) situations, as e.g.
N
F,2)=_ ai@)|z|"
i=1

witha; > ¢>0and 1 < p; < -+ < py, so that the growth with respect to z is the
same for all z: see e.g. [1], [10], [3].
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However, in some physical situations (as e.g. electrostatic fields in which con-
ductivity depends on the intensity of the field, or thermal equilibrium in composite
nonlinearly conductive materials) it is natural to consider energies of the form

/ a(z, | Du))| Dul* dx
7

in which the growth exponent of a(z, ) with respect to z depends on the position z.
The simplest model is the functional

@ / Dul"® dz,  with 1 < po < p(®) < 0,
2

which was investigated by Zhikov [13] in the context of homogenization.

We study some regularity properties for minimizers of a class of functionals which
includes (2) in the case when p(x) has only two possible values (this corresponds to
the case of a conductor made of two different homogeneous materials). To fix the
ideas, take an open set {2 which is split by a Lipschitz surface X' in two parts, 2~
and 2%, and take

€)) ﬁ(u)=/{r {Dulpdm-k/m}DuP dz

with 1 < p < ¢. One of the results we prove (Theorem 2.3) implies that any local
minimizer « of % in {7 is Holder continuous. We remark that we only deal with the
scalar case (u : {2 — R) but, unlike any previous result (see [1], [11], [12]) we do
not impose any restriction on ¢ with respect to p. It is well known that any minimizer
to (3) is smooth inside £27 and 2%, thus the point here (as in classical transmission
problems) is to provide regularity across X Trying to follow the general lines of [2]
and [8], one is led to an unbalanced Caccioppoli estimate (6) in the balls intersecting
X, which is still enough to prove boundedness of the minimizers u, which is done in
Sect. 3, but is not useful to bound the oscillation of u; this difficulty is overcome in
Sect. 4.

2 Notation and statement of the results

Let £2 be a connected open subset of R™, and let 3 be a compact lipschitz continuous
(n — 1)-dimensional manifold in R™: by this we mean that for every zy € 2 there
exist a neighbourhood U of ¢, and a bilipschitz mapping from U/ to R™ such that
the image of X’ N U lies in a hyperplane; due to the compactness of X, we denote by
L the greatest of the lipschitz constants of the mappings needed to cover X' and their
inverses.

We denote by 2%, 27 two open subsets of {2 such that {2 is the disjoint union
of 2%, 2~ and 2N X, and for every 2y € 2N X and every neighbourhood U of
xg there exists a neighbourhood V' of x, contained in U, and such that both 2* NV
and 27 NV are connected (i.e., X locally separates {2* and {27).

Let F': 2 X R® — R be a Caratheodory function (i.e., measurable with respect
to & € §2, continuous with respect to z € R™) satisfying

(2| < F(z,2) < L{1 + [2|D for ae z € 2*

@ 2P < Fz,2) < L1+ |2)P) forae. xz € (27



A transmission problem in the calculus of variations 3

with 1 < p < g; note that we used the same letier L as above. We will sometimes

use the notation
g ifxen*
p(:c)—{p ifze ™.

We introduce a space of weakly differentiable functions in {2 by setting for every
open set A

Wl’(‘f’p_)(A) = WA N Wi AN

and
Wllc;(éf’pv)(f?) ={u:ue WhP@Q) VR o 0}

In the sequel we study local minimizers of the functional

F (v, A) = / Flx, Dv)dz
A

-
i.e., functions u € W27 P () such that
loc

F(u, spt) < P (u+ @,spty) Vo € GL(9) .
First we give a higher integrability and a local boundedness result:

Theorem 2.1 Assume condition (4) holds; for every 1 < p < q there exists £ > 0,
depending on (n,p,q, L), such that if u € Wll{;(c‘f’p —)(Q) is a local minimizer of %
then

|DulP™ € Li¥(2)

and for every ball Br(zg) C {2

1/(1+2)
V | Dy |(1+oP@) dx] < cf (1 +|DufP?)dz |
v B a@o) BRr(zo)

with ¢ independent of v. Moreover if 1 < p < g < n then ¢ > go(n,p, L).

Theorem 2.2 Assume condition (4) holds; for any 1 < p < q, every local minimizer
© € Wfll(’)(c'f’p NQ) of F is locally bounded in £2.

To obtain the following Holder continuity result we need another assumption:
&) F is convex with respect to z.
Then we have:

Theorem 2.3 Assume conditions (4),(3) hold, with 1 < p < q. If u € ngfvp"’((z)
is a local minimizer of F satisfying

sup [u| < M
1)

there exists o > 0, depending on (n, p, q, L, M), such that u € C»*(§2).

However,
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Proposition 2.4 For every p > 1 there exists qy < n such that if ¢ > qo the convexity
assumption (5) is no longer needed in Theorem 2.3.

Remark 2.5 Due to Theorem 2.2, one may remove the assumption sup, |u| < M
in Theorem 2.3 and Proposition 2.4, thus obtaining that for every {2’ CC {2 one has
u € C%%(2") with o depending on sup, |ul.

Remark 2.6 Our results are local, hence we will always assume that u € WH@ 2 )((2),
remarking that all the relevant constants will not be affected by this restriction.

Remark 2.7 In a subject which is already burdened with technicalities, we preferred
not to introduce any explicit dependence of F' on wu; the most interested readers,
although, could quite easily deal with this general case.

Remark 2.8 Tt is not restrictive to suppose in the sequel that X' lies on a hyperplane.
Indeed, fix xop € X N {2: there exist a neighbourhood U of 2y in R7, a neighbourhood
U’ of 0 in RY,, and a bilipschitz homeomorphism & : U’ — U such that ¥ N U =
O({z' € U’ : z}, =0}). If F satisfies (4), and eventually (5), the function

G(a', 2) = |det DO()| F (45(33'), 2 [DBE')] *1)

satisfies (4), and eventually (5), aithough with different constants, depending on L
and 7 but not on xg. Moreover if u is a local minimizer of .%# in U, then u/(z") =
w(P(z")) is a local minimizer of fU, G(x', Dv)dz’. Finally, the summability and
Holder continuity exponents of u and ' are the same.

We will often make use of cubes: all will be supposed to have a face parallel to
2/, and to be contained in {2. The symbol Qg (or occasionally Qr(xg) to stress its
center) will denote a cube with side R, whereas 2,z will be for any positive A a cube
concentric with Q. Also, if the center of () belongs to X we set @} = Qr N 27,
and Q@ =QrN 2.

If u: Qr — R we set for any real K

Qrkx ={r € Qr:ux) > K},

and similarly for Q% x and Q% -
Finally, the symbol fA denotes the average over a set A.

3 Higher integrability and local boundedness

As in the standard case p = g, the tools needed in order to prove higher integrability
for the gradient Du, and local boundedness of a minimizer u, are Gehring theo-
rem, and suitable versions of Caccioppoli (Proposition 3.4) and Sobolev - Poincaré
(Proposition 3.2) inequalities.

In the sequel, we shall usually not remark any dependence on n and L, which is
shared by virtually all constants.

Let Qg be a cube centered on X, set g = Qg N X and denote by Tr(u) the
trace of © on X, whenever it exists.
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Propesition 3.1 Ifu € Wha(Q%) with 1 < s < sp < n then

(1) <,

A= f Tr(w) 49— (o)
Zr

i/s

i

u-X |Dul* d:x) ,

R

+ +
R R

where

and ¢ = e{sph

Proof Assume the statement is false. Then we may find a sequence (sp);, with
1 < sp, < 89, and a sequence (up)p, with vy € VVL%(Q}%), such that

Tr(upyd#, (o) =0,

Xr

f | Dup | dx — 0,
Q

"
R

A

Hence up, — 0 strongly in W', Remarking that

8; Sh -
21) =g,
(1’“ sy — 1 h s

Uz A

R}&{ﬁmi'

if we set vy, = |uy[h/1 then
| Duplly < C”Duh”sh ll“h”s; —0
and, interpolating between 1 and &%,
lvslli = 0,

since ||uplli — 0. By Rellich theorem, [lvplli+ = Jtuh{z% — 0, thus achieving a
contradiction.

As we did for p and ¢, we set

oo fs HfzxeQp
""“"{r if z € Q.

If w € WW ™) (Qp), in particular u € W‘v"“(Qé), therefore the traces of u on

both sides of X' agree FE,_-a.e. on Tp, and their averages on L are the same.
Therefore we have the following Sobolev-Poincaré inequality:

Proposition 3.2 [f1 <7 < s < s < nandu € WHT XQpg), then

‘ — ()N n/(n-r) n/{(n=r)
A I A O
or N R Qn .
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where

A= ][ Tr(w) dFb,_ (o)
R

and ¢ = c(so). The result still holds with both exponents n/(n — r) replaced by any

number between 1 and n/(n — r). Moreover, if u € VVO1 "(QRr) the inequality above
holds even if we take A = 0 instead of the average of the trace.

Proof Remarking that

A A

we get by Proposition 3.1 (which clearly holds also with r and Q)

— A\ n/(n—T) n/(n=7)
][ (‘u ) dzr <c (][ [Du|’"d:v)
Q R o)
)\ s\ n/(n—) n/(n—r)
][ (‘ ¢ ) dr <ec (][ |Dul® d:c> ,
Q R at,

and the result follows. The final remarks are easy.

S)n/(n—S) i

)

:' (n—s)/n

+ +
R R

R

+
R

The following algebraic lemma is similar to [4] Sect. 5, Lemma 3.1.

Lemma 3.3 Let f : [R,2R] — [0,+00) be a bounded function satisfying

o B8
t —t0P (1 — )

J@) S 9f(t) + +

forsome 0 <9 <landall R<t) <t; <2R,witha,3,7v>0and 1 <p < q.Then
there exists a constant ¢ such that

f(R)gc(%+A]f—q+7>.

The constant ¢ = c(¥, q) is increasing with respect to q.

Proof Let 7= ((1+19)/2)" < 1, and set ¢, = 2R(1 — 7%/2). Then
to=R, lim ¢ =2R, thar — b = R(1 — 7% |

and for all k£ we get from the assumption on f

07

1 B
f(tk)gﬂf(tkﬂ)"'m (§+§1—+’y) ,

whence by induction, remarking that /7 < 1, we obtain
q

a
T < T =9 ()
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hence the result with ¢ = — [ 2 g
ence the result with ¢ = -— <1+@9> - } .
This result enables us to prove a Caccioppoli inequality for the minimizers.

Proposition 3.4 There exists a constant ¢ = c(n, p, q) such that for every minimizer
u e WY PN of F and any Qg such that Qrg C 2
()
d:z:)

f |Du[7‘(‘”) dr<c (1 +][
Qr QR

Jor every A € R. Moreover if 1 < p < q < nwehave ¢ < e(n).

°U— A

Proof Fix A, and take ()i centered on 2. With a standard choice of test functions,
using the hole-filling technique (see e.g. [4] p. 160) we get forany R <t < s <2R

/ | DuP® dz < 9 / | DulP® dx
Q¢ Qs

c
+ : / lu— AP dx
(s = 0P Jaz,
+ th / |u — A% dz +cR™
(8 =07 Jor,

where Y < land cdependonpgnandif 1 <p<g<n

0<tn<d<Hn<l, c<eln).

For this class of cubes the result then follows from Lemma 3.3. If ;5 is entirely
contained in 2% or in (27, the proof is even easier. Finally, if Q,r(zo) N X # @, there
exists z;, € X' such that

Qr(zo) C Q3r(zy) C Qsr(zy) C Qsr(Zo) ;

since the result is true on Q3r(z(), we deduce in the case Qgr(zo) C 2

p{z)
][ | DuP® d < c(l +f d:s) ,
Qrlzg) Qsrlzo)

and the inequality with (Jr and Q;r follows by a {finite) covering argument.

°%— A
R

The Sobolev - Poincaré and Caccioppoli inequalities just proved are the key tools
to prove the higher integrability result.

Lemma 3.5 There exists a constant ¢ = c(n,p,q) such that for every minimizer
u € W’l’(f’p”)(!)) of & and for every Qg such that (Qr C 2

140
][ | DulP® dg < 61:1 + (7[ | Du|p@)/(+e) ci:z:) } ,
Qr 2Ry

where o =p/nifp>nfin—1),ando=p—1if1 <p < nfin—1). Moreover if
1 <p<g<nwehave c <c(n).
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Proof We deal first with the case p > n/(n—1). If Qap is centered on X, we choose
A :][ Tr{u) d 9, (o)
R

in Proposition 3.4, then we apply Proposition 3.2 on (J2r with

0 . n
[ R— I e
n+pp7 n+pq’
so that
p(r) = r(z),
n—7r

and we immediately get the required inequality. We remark that if p < ¢ < n we
have 7,8 < n?/(n+1) < n.
If Gar C 27 the result follows by Proposition 3.4 and the classical Sobelev -
Poincaré inequality, with
A= udz .
2R

The same argument, if Qg C 2%, leads to

n/tn+g) (nt+q)/n
f [Dul? dr < c{l + (][ (§Du{Q) +q di??) ]
Qr QR
n/(n+p) (ntp)/n
< c[l + (][ <|Du|q> " dx) ] .
QR

The generic case Qap N X # & is dealt with as in the proof of Proposition 3.4.
The case 1 < p < n/(n—1) is treated as above, but with the choice r = 1, s = ¢/p
in Proposition 3.2, applied with exponent p instead of n/(n — 1).

The higher integrability result (Theorem 2.1) follows easily from Lemma 3.5 and
Gehring lemma ([4] Sect. 5, Proposition 1.1).
We now prove the local boundedness result (Theorem 2.2).

Proof Since by [6] we already know that u € Lfg C(( YU £27), we only have to show
that u € L°®(Qg) for every cube Qr centered on X with ¢J;p C 2. The starting
point is the following Caccioppol inequality for (v — K)*, which can be obtained as
in Proposition 3.4 by a suitable choice of test functions: for every ¢’ < ¢ < 2R there
exists ¢ = ¢(p, ¢) such that for every K and every minimizer u

(6) / fDuip(@ de < c(/ }M}lﬁ
Q QQ,K g—e

The rest of the proof is (simpler than) the proof of [8] Lemma 5.4, p. 76.

=)

dr + IQQ,KD .

o' K

4 Holder continuity

In the standard case p = g, inequality (6) is enough to get the holder continuity of a
minimizer wu, but if p # ¢ it does not allow to bound the oscillation of % on a ball
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intersecting 2. Thus, assuming henceforth 1 < p < ¢, we first prove that u is locally
holder continuous on 27 U X, then we use the following result, which states that a
minimizer of % with hélder continuous datum on a part of the boundary is holder
continuous up to that part of the boundary.

Theorem 4.1 Assume (4) holds; if u € WHP(27) N L°(027) is a minimizer of F
in its Dirichlet class, and if the trace of v on X is of class C%P, then

we C™N U,

where o = ofp, 3, sup w).

Proof Take any cube Q, intersecting 2~ and such that ¢, does not intersect
o\ X

If Q,N X # 0, consider for every K > Supg,nx w and every ¢ with compact
support in (), the function (v — K)* {: its trace vanishes on the boundary of 2,N {27,
thus it may be used as a test function to get

— +
[ Dul? d < 7( / (u— Ky
Qg g N2 Qo xne2—! €0

for every o' < p, with v = v(p) constant.

Otherwise, if (J, C {27, we already have (6) which may be written as the inequal-
ity above, with no restriction on K. In conclusion, referring to [8] p. 90, u belongs
to JB,(£2~ U X, sup|ul,v,00,0), and the result comes from [8] Theorem 7.1, p. 91.

! dx +meas (Qp,x N Q“))

Thus, we only have to prove regularity up to X'g in (/)" with {2 CC {2, A first result
in this direction (Proposition 2.4) is an easy consequence of the higher integrability:

Proof Referring to Theorem 2.1, if p > 1 is fixed and ¢ > go = n/(1 +£0(p)) then

ue WII(;Z+6(Q+UE) with 6 = §(p, @) > 0, thus u € COP(2* U X); since u € L(£),

we have u € C%%(£2) by Theorem 4.1.

According to this result, we may confine ourselves in the sequel to the case 1 < p <
g < n. Also, all cubes chosen below will be contained in {2, without mentioning it
any further. By assumptions (4),(5) one easily gets

N |F(z,z+w) — F(z,2)] € L1+ @ |2|P@ 4 g7P@/ @)Dy pey

The next two lemmas will enable us to get the proper energy estimate which we will
use instead of (6) to prove the hdlder continuity following the general lines of [2],
see also [8] Chap. 2, Sect. 6. Hereafter, if A C 2" and f: A — R we denote by A
the symmetric of A with respect to X, and by f(z) the function f evaluated at the
symmetric of the point z € A. For typographical reasons, we employ the notation
@g, « instead of putting a wide tilde over the whole symbol.

Lemma 4.2 For every ¢ < gand K' > K > supgs u — 1 we have

(K' - K)* / |DuPdz < ¢ / (IDuzp + ](E:-{{,)—+ Ty 1) dz
3+ Q x e— 0

oK'

with ¢ = c{M, p).



10 E. Acerbi and N. Fusco

Proof Let ¢ € C§°(Q,) satisfy: 0 < ¢ <1, {=10nQy, |D{| < 2/(¢— o) and set
o=~ K| (u—a)¢P s

then ¢ vanishes outside @‘g - Remarking that [(% — K)*|P (P < 1, and by the con-
vexity of F,

‘y(uaéz,f{)
S Fu—0,Q%x)

- / Flle, (1~ @~ K)'P¢hDu
. QZ,K

e = L

< [ (1 —(@— K)Y'|P(P)F(z, Duydz
@k
+[ @ — KPP F (=, Dt~ p
Q+

o, K

(u — @)D (u— @) D¢
Gl hc )

so that

J

and the result follows.

@ — E)IP (PIDulf du < (M, p) / (L+[Duff +|(u — K)'||D¢P) da
Qo x

"
2, K

Lemma 4.3 For every ¢ < gand every K € Rand >0

J

|Dul?dz < ep/ [DuP dx

+
o K 0. K

+e / (l wﬁ ‘q + EvzoCJ/<1)—1)(qr»~p>) dx
* e—e

with ¢ = c(p, ¢).

Proof Let ¢ be as in Lemma 4.2; the function
(u—K)¢? ifze@]
PO=VG-K)y & ifzeQ-
4

has compact support, thus

/ F(x, Du)dx
Q

+ S+
Q,KUQQ,K

(u— K)*

< / T R

+ / F(z, Du—C(IDG — ¢l Y@ — K)* D) dz
Q

"
o, K

Dg)} da
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and using again the convexity of F and (7)

/ (% F(z, Du)dx

0. K
§c/ [(w — K)"|?|D¢|% dx
%
+e / [1+ P\ DulP + P/ D(|Z DalP + |09~ Y@ — K)* DEP)] da .
QZI,K

By Young inequality we deduce

/ ¢? F(z, Du)dx

0, K
SC/
Q

+1 / Y Du|? dx
2 Jor

a4

+ cepfu |DulP dz ,

+
Qg,K

(u - K)*
(e

! + 5~pq/(p—1)(q~p)) da

+
oK

and the result follows,

The following lemma gives the appropriate energy estimate on Q: set r = n[l +{(p—
1)(g — p)/p]. Then we have:

Lemma 4.4 There exist c=c(M,p,q) > 0 and po < 1 such that the inequality

J

| Du|?dzx < c[[meas Qb T

o ") ad]

holds for every ¢’ < g < gy and every K, K’ with Supg v — 1<K<K' <« SUp g u-

ZI’KI
(u— K)*

(( K’ — K)~Pa/®=Da=p) 1 [
g9

+
o. K

Proof Let N be a positive integer such that N > (r — q)p/(g — p)g, so that
1774y >1 - g ,
por 7
and divide both [¢', ¢] and [K, K'] into N subintervals by setting for ¢ =0,..., N

o0—¢ . K' - K
oi=0 +i N Ki=K' =i ~

moreover set
o =2 * it
3 2 N
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We apply Lemma 4.3 with ¢’ replaced by g; ,0 by 0y, K by K; and € by K; — K1,
and we majorize the last integral thus getting

4/c‘g+ {Du|? dx

2i K

< (K — Kin)? [ | Dul? dx

K.

[P ¥2 %1

2

. +
+cp,q) [(————w(u Kl) )q +(K' — K)WQ/(p—l)(qw)] dr .
Q s J

Lemma 4.2 applied to the first term appearing at the right-hand side yields

(I{z - Ki+1)p / |Du‘p dx
o+

K

< C(M,p)/+ []Du|p + (M>p+ 1} dx

Qi+l — T4

as

Q@i+1»Ki+1
<é |Duf? dx

+
@541 K4y

— -+
+c(p, g, ]V[)/ KM)Q +(K' — K)—pq/(p‘l)@—p)} dz
Q- 27¢

by Young inequality, where we used the fact that K’ — K < 1. As for the integral of
|DulP, we apply Holder and Young inequality to get

(/ \Dul? da < [meas (Q% )7+ / |Dul? dz

"
24415441 @i+1 K541

+ (M, p, ¢)lmeas (Q;,K)]“% ,

so that finally

/ |Dul?dz
ok
p g
< [meas(Q} ;)17 © |Du|? dx
:’inm
+
+ (M, p, q)/ K(u__fg,l.)q +(K' — K)—pq/(p—l)(qu)} dx
Q@ x 00

+o(M, p, g)[meas (Q}, )17 .

We choose g such that meas(Q}, ) < 1 and fQ* [Duld dx < 1 for all cubes; letting
20
1=90,..., N — 1 in the previous estimate yields
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/Q [ Dul? dz

+
Q}yK’

S[meaS(QZ,K)]Q%E%/ |Dul? dz
. QZ,K

— +
+o(M,p, ) / [(wy +(K' — K)qu/(pml)(qw)] dr
JQpt 878

+c(M, p, lmeas Q% 1"~

. +
<cM,p,q /Q+ KW)Q + (K — K)—pq!(p——l)(rrm} dr
Q,K D=4 o

+e(M, p, g)lmeas (@ )17
by our choice of N.

We remark that the choice of gy is the only point where we used the condition
Du e LI(r).
The following is a rephrasing of the result just proved.

Remark 4.5 With the notation of Lemma 4.4, if K7 > K+ Xp!™™/7 for some A < 1,
the inequality

/Q [Dujfde < c[/@

holds, with ¢ = (M, p, ¢)-

((u-K)“‘

4 - —1){g— g
P ) dz + APV E= D P meas (QF )1 7‘}

+ +
o K’ o, K

The following lemma is a slight modification of [2] Lemma 2, see also [8] Lemma 3.5,
p- 55, whereas the subsequent one is technical (see [8] Lemma 4.7, p. 66).

Lemma 4.6 There exists ¢ = c(n) such that for every u € WH(Q}) and every
Kﬁ' > Kl'

~ meas (@} \ Q) ) +

NS
(K" — K")meas (@, )"~ /" < co f + \Dulda .
QQXK’?\QQ,K”

Lemma 4.7 Let {a;} be a sequence of nonnegative real numbers, satisfying for some
positive constants ¢.e, and b > 1

Qipl < Cbia,%% .
There exists Ug = 0o(c, b, ) > 0 such that
ap <y = lima;=0.
%

Using the inequality stated in Lemma 4.4, it is possible to prove the equivalent of the
results of [8] Chap. 2, Sect. 6.

Lemma 4.8 Wirh the notation of Lemma 4.4, there exists O = O(M, p, ¢) such that for
any g < gp and any K > Supqy U 1, the inequality
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meas (@, x) < P¢"

mplie,
e meas(Qy .. 5)=0
3Ky

provided H = SupQE u— K> Ql—n/r.

Proof We set

oo=20+27, K=K+>(1-27, Kj=—"-%"
2 2 2
so that
0; — 01 =272, K=K +27"3H > K; + 273/

and we may apply Remark 4.5 to obtain

/ |\ Dul? dz
Q+

9i+1»K.£

(8) <C(2i‘1/
o? Jor

g K

< czmq(Hqu-q + 1)[meas (Q ]1 a/r

|(u — K)*|%dx + 2ipa/(p—1}g—p) [meas (in,Ki)]l—q/r>

where a = max{1,p/(p — 1)(¢ — p)}. Next, from Lemma 4.6 we have
]1-—1/TL

n

(Kin — K)Imeas (Q,, | k,.,)
©) < ce
meas (QF,, \ Q% s K/) o+

7
Qi+l Ki

|Du| dz .

Now,
meas (. | xr) < meas (g, ) < F"

and we will choose ¢ such that

1 1
(10 90" < Smeas (@) < 5 meas (@)

thercfore

HY .
2(@+3)q [meas (Qem K

i+]

Y1979/ < c[meas @,,., K,)]q_l/ |Du|? dz
g Qt

9i+viZ/-
and (8) implies
[meas (Q,., k, )17 9/m < 02ieDe(p 5 —9 4 [T T)[meas (in’m)]q‘q” .
Using the assumption on H,

[meaS(ng+l7Kl+l)]l 1/n < sz(a+l) ~l[meas (Q+ K, )]1 1/7'
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that is "y "y
+ —1/n + —1L/r
(meas (QQL;M Kt )> < czi(a+l) <meas (Q?linKi)) ,
Besides (10), we impose on 1 the condition that ¢ < ¥, and the conclusion follows
from Lemma 4.7.

The difference between this proof and [8] Lemma 6.1, which is essentially [2]
Lemma 4, is that the energy estimate (Lemma 4.4) involves different levels K,K’ of
u, thus we must introduce the level K, average of K; and K1, whereas in [8] our
inequalities (8) and (9) appear with K| = K.

Now we refer to [8] Lemma 6.2, p. 85: if a similar average is taken of the levels
pi —w/2t and p; — w/2%! to get the versions valid in our case of (6.15) and of the
formula at the bottom of p. 87, one may repeat line by line the proof of Lemma 6.2,
with some simplifications (6 = 1 in our case) and the obvious modifications (one
works on )7, not on (},), to obtain:

Lemma 4.9 There exists a constant s = s(M, p, q) such that for every p < go/4 at
least one of the inequalities

osc[u, Q3] < 2% 77
osc[u, Q5] < (1 — 2" "%)osc [u, Q%]
holds.

This result, together with the next ([8] Lemma 4.8, p. 66), will enable us to prove
holder continuity.

Lemma 4.10 Assume that for each p < po/4 at least one of the following inequalities
holds: . .

oscu, Q] < 1o

osc [u, Q3] < ¥ osclu, Q7,)

for suitable constants c¢1, £ < 1 and ¥ < 1. Then for all p < go

(11) osc [u, @41 < ex(o/00)

where
B =min{—log9/log4,e}

and ¢, is independent of .
We may now prove Theorem 2.3:

Proof Inequality (11), together with the well known interior estimates in {2*, implies
that u € C%#(2* U X). The result then follows by Theorem 4.1, remarking that the
holder exponent depends on {2 only through M = sup,, |ul.
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