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In this paper we give a direct proof of the following approximation result:

Theorem. Let Q@ C R™ be a regular open set, and p > 1. There exists a constant ¢ such that, for every
u € WHP(Q) and every K > 0 there exists v € W1°°(Q) satisfying

[0]l1,00 < K

ullfp

meas{z: u(z) #v(z)} <c Tor

Unlike several results of Luzin type available ([3],[4]), in this theorem we do not look for an approximating
function v which is close to « in the WP norm, but we want a precise control on the gradient of v. Thus,
when the result is applied to a bounded sequence in W1 one obtains a sequence of approximating functions
which is bounded in W°,

This theorem was successfully applied by the authors in two different contexts: in a weaker form ([1]) when
dealing with the semicontinuity of quasiconvex integrals, and in the general form ([2]) to obtain a regularity
theorem for the same functionals.

The proof was not written explicitly in [2], where the reader was referred to the weaker result of [1], so we
decided to present the details here, also thinking that this Lemma might be of interest by itself.



For every f € L} _(R™) we set

loc

M (x) = sup ]1 el

r>0

and if u € W2 (R") we write

loc

M'u(x) = M(|Dul)(z) .

We now show that through the maximal function M’ we may control the difference quotient of u outside a
small set. We set, for any u € Wﬁ)cl (R™) and for any A >0

Hy = {x: M'u(z) < \}.

Lemma 1. There exists a constant ¢; = ¢1(n) such that, for every u € C§°(R™), we have

u(e) ~u)l _,
[z -yl
for all x,y € Hy.

PROOF. Fix A > 0 and x € Hy , and set

Skr(z) = {y € Br(2): % > kA} .

We prove that, as k increases, Si »(z) occupies a smaller and smaller portion of B,(x), independently of the
particular function u: indeed,

k/\measSkm(x) < ]Z lu(z +y) — u(z) dy :][
meas B, (x) B,.(0) vl B,

1 1 1
g][ / |Du(:c+ty)|dtdy=/ ][ |Du(:v+y)|dydt§/ M'(z)dt < A,
rJ0 0 By, 0

|
/0 m(Du(I + ty), y}dt‘ dy

so that

(1) measSy () < — measB, .

=

Now fix 2,y € Hy, and set r = |x — y|. Denote by ~,, the measure of the intersection of two balls of radius 1
in R™, whose centers are also at distance 1 from each other. If w,, = measBy, it is clear from (1) that for
k = 3wy /v, the measure of Sy, () USk »(y) is less than the measure of B, (x) N B, (y), so that we may choose

2z € [Br(z) N Br ()] \ [Sk.r(2) U Skr(y)] -

Then
|u(z) — u(z)| < kAr
lu(y) —u(z)] < kAr,
whence 6w
[u(2) — uly)| < 2kAr = =z —y]

n

and the Lemma is proved.

The following result may be found in [5].



Lemma 2. For every p > 1 there exists ca = ca(n, p) such that

, /15
meas{z: Mf(x) > A} < 27y

for every f € LP(R™) and A > 0.
We may now extend Lemma 1 to the case of W1P functions.

Lemma 3. For every u € W1P(R") there exists E C R" with measE = 0 such that

|u(z) — u(y)|

Scl)\
|z —yl

for every A > 0 and every z,y € Hy \ E.

PROOF. Let (up) C C5°(R™) be a sequence converging to u strongly in W1?(R") and a.e. in R". We
remark that

[Mf(z) — Mg(z)| < M(f - g)(z) ,

so that, using Lemma 2, we have for all € > 0,

li}{n meas{z: |[M'u(z) — M'up(z)| > €} < li}rln meas{z: M'(u—up)(z) > €}

< coe™? liin | Du — Dup|b =0,
i.e., M'up, — M’'u in measure. We may then suppose that, at least for a subsequence,
M'up, — M'u ae. in R".

Set
R"\ E = {z: up(z) — u(x), M'up(z) - M'u(x)} ;

then measE = 0, and for every z,y € Hy \ E, and h sufficiently large, we have
M'up(z) <X, Mup(y) <X,

so that by Lemma 1
|un(z) — un(y)|
|z —yl

and the assertion follows by taking the limit as h — oo.

<c A )
The following extension result is well known.

Lemma 4. Let X be a metric space, E C X, and let f: E — R be a K-lipschitz function. There exists a
function g : X — R which is K-lipschitz and satisfies

g=f in E, suplg|=supl|f|.
X E

Now we have all the necessary ingredients needed to prove the main result.

PROOF OF THE THEOREM. Fix u € WP(Q); since Q is regular, we may assume that u € WHP(R"),
with
lullip < eslluflipe



and c3 independent of u. For K > 0 let A = K/2c;, then consider the set
H{ = {z: Mu(z)+ M'u(x) < A} .

By Lemma 2, we have

P
1,p,82

meas(R" \ H}) < meas{x: Mu(z) > %} + meas{x: M'u(z) >

On the other hand, by Lemma 3, we have

lu(z)] < Mu(z) <A < g
u(z) — u(y)| _K
PR

a.e. on H). Applying Lemma 4 we obtain a function v with lipschitz constant K /2, and L* norm not
greater than K/2, so that
[0]1,00 < K.

Since v = u a.e. in H} the theorem is proved.
As an example, an easy consequence of the above theorem is the following;:

Corollary 5. Let ) be a regular open subset of R™ and p > 1, and let (u,) C W1P(Q) converge strongly
to uw in WP, Then for every € > 0 there exist a subset A. of ), with measA, < ¢, a subsequence (hy) and
a sequence (wy) C W1>°(Q) such that

WE = Up,, inQ\A€

wy, — w strongly in WH>°(Q)

and
w=u in N\ A, .
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