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Partial Regularity
under Anisotropic (p,q) Growth Conditions

E. AceErBI AND N. Fusco

1 . Introduction

In this paper we give a contribution to the study of the regularity of minimizers of
integral functionals of the kind [, f(Du) dz under the assumption

(1.1) €17 < f(§) < e(1+ [€]%).

Until recently it was customary to take
q=0Dp,

but the question of whether regularity in the general case (1.1) could be obtained
remained open. In 1987 some examples were produced (see [7],[11]) that showed that
the answer to this question is in general negative. The example, as modified by [9],
shows that in the particular case of

[ 1puf + Dyl d,
Q

with u : Q@ C R" — R, if py is too far from 2 (depending on n) there exist minimizers
which are not only discontinuous, but even unbounded.
More in general, consider the model functional

k
(1.2) /[|Du|p + 3 |Daufe] da,
Q a=1

where 1 <k <n,and 2 <p<p, fora=1,...,k, and set

1 tn—k i 1
L)
nl p  “=pa

=R
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assume for simplicity p < n and define p* = np/(n —p). In the examples [7],[9],[11] one
has
max {p, :a=1,...,k} > p";

in the general case (1.2), a sufficient condition for the minimizers to be bounded is that
(1.3) max {p, :a=1,...,k} <p*

(see [3],[5]). This condition means essentially that the exponents p, may not be too
dispersed, nor (if & < mn) too far from p. The presence of the harmonic mean in
condition (1.3) depends (see [14] and Lemma 2.1 below) on the fact that if Du € LP
and Dyu € LP for o = 1,...,k then u € LP .

Higher regulatity, such as boundedness or Holder continuity of Du, has been stud-
ied in two papers by Marcellini [12],[13] where, however, the more restrictive condition

np

1.4 wia=1,...k
(1.4 max {pa < 0 R

is needed.
All these results deal with scalar minimizers. In this paper we prove a theorem
concerning the vector-valued case, i.e. when

u:QCR” - RY,

As is to be expected for systems, the regularity we prove is only partial. Precisely, we
have (as a consequence of the more general Theorem 2.3) the following

Theorem . If u € W' (Q;RY) is a minimizer of (1.2), with Dou € LP~ for o =
1,...,k, and if

(1.5) max {py :a=1,...,k} <p*

then Du is Hélder continuous in an open set )y such that meas (2 \ ©y) = 0.

It is to be remarked that the assumption (1.5) on the exponents p, is close to
condition (1.3), and indeed it would be interesting to replace (1.5) by (1.3).

Another question arising naturally from this statement is whether, in the scalar
case, one could improve the results of [12],[13] by deducing from it a global regularity
result (g = Q). It seems to us that an important step to show that the singular set is
empty lies in proving that Du is bounded, and this is exactly the point where condition
(1.4) is used in [12],[13]: it would therefore be interesting to prove boundedness of Du
in the scalar case under a less restrictive condition than (1.4), possibly condition (1.5).

We give in the next section the notation needed, and we state the main theorem,
while section 3 is devoted to its proof; a fourth section of remarks is also present.
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2 . Notations and preliminary lemmas

By wp we shall denote any sequence converging to 0 as h — oo, and by ¢ any
positive constant; both wj, and ¢ may sometimes vary from line to line.

A cut-off function n between two open sets A CC B is a smooth function with
compact support in B, values between 0 and 1, value 1 in A, and gradient less than
2/dist (A, 0B).

If p, > 1foralla=1,...,n, we define for any open subset Q of R" the spaces

Wt (Q;RY) = {u e WHHQRY) : Dou € LP= (4 RY) for all a}

Wol’(p“)(Q;RN) ={u e Wol’l(Q;RN) : Dou € LPo(Q; RY) for all o},

with the natural norm ||ul|; + _, ||Datlp, . If no confusion is possible, we shall omit
R” when mentioning these spaces.

Since the index « will always take its values in the set {1,...,n}, we shall hence-
forth omit any explicit reference to this range.

If the harmonic mean of {p,} is p, and if p < n, then we write

. np
n—op

the Sobolev exponent; if p > n, we shall denote by p* any number strictly larger than
the maximum of {p,}: we make this choice for future convenience; remark that in the
case p < n it is not guaranteed that p* > max{p,}.

Finally, for any integrable function g on a set E, we denote its average by

@) = gdo = meas ()" [ gdo

if £/ is a ball B,(x), instead of (g)p, (z,) We shall simply write (), or even (g),.
The following lemma is essential when dealing with anisotropic functionals of the

type (1.2).

Lemma 2.1 . Let Q C R" be a cube with edges parallel to the coordinate axes, and if
p < n then assume that p, < p* for all a (otherwise no restriction on {p,} is needed).
Then

(2.1) ||l

p < e(llull + Y I Daullp )

for all u € WHPa)(Q). If (u)g = 0, then (2.1) holds without ||u||;; moreover if u €

Wol’(p"‘)((l) then (2.1) holds, without ||ul||;, for the generic bounded open set 2, not
only for a cube.

PROOF . By Theorem 1.2 of [14] we have

1/n
o < e(TT 11 Datly.)

for all u € Cg°(R"™), where the constant ¢ depends on n, {p,} and (only in the case
p > n) also on p* and the measure of the support of u. It is easy to see that C§°(R") is

(2.2) ||
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dense in VVO1 (P “)(Q), thus giving (2.1) without ||u|[; by the geometric mean - arithmetic
mean inequality. Take any cube ) with edges parallel to the coordinate axes, and denote
by 3@ the cube with the same center as (), and three times the side, and let n be a
cut-off function between @ and 3Q. If u € Wl’(pa)(Q), we may extend it by reflections

to a function & € WhHP=)(3Q); set v = na: since v € W()l’(p“)(?)Q), in particular
v € Ly+(3Q), thus u = Yl c L7 (Q). By (2.2),

~ B 1/n
ull Lo (@) < vl L (3q) < CH(HDaUHLl’a(BQ) + ||U||Lpa(3Q)>
< e (IDaullon @) + 4l e (@))
< o( 3 IDaulzon(@) + ellul o ) + Cellulin@));

and the result follows. The case (u)g = 0 may then be deduced easily by the Sobolev-
Poincaré inequality. m

The following lemma is just a technicality.
Lemma 2.2 . Ifv> —1 and a,b € R* we have

fol la + sb|7 ds
(a2 + o272 =

c1 <

with c1,co > 0 depending only on v and k.

The proof may be found in [1] Lemma 2.1 for v < 0, and e.g. in [4] Lemma 8.1 in
the case v > 0. We remark that the same lemma is true if the integral is replaced by
fol(l — 8)|a + sb|7 ds.

Let po > p > 2, and let f : R™ — R, f, : RV — R be functions of class C?
satisfying for some positive c,v,L the following assumptions: first, some growth and
coercivity conditions:

(23) P S FEO S P, Sleal S fala) < dléap
2.4 D2 S cleP 2 1D fa(6a)] < cléal
(2.5) D2f(§)7777 > V|§|p_2|77|2: sza(§a>77a77a > V|§Oz|pa_2|77a|2§

then, Holder continuity of the second derivatives: for some 0 < § < min{1,p — 2}

[D?(€) — D f(n)] < e(|€P727° + P> 7%)|€ = nl°
|1D? fa(€a) = D* fa(na)] < e(€alP> 270 + |nalPo7270) € — 1al;

finally, a uniformity condition on f which ensures that for & close to zero it behaves
very much like |£|P:

(2.7) i 2 ()

t—o+ tP—1

= LlgP~2¢.
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Let ¢, > 0, and define on W?() the functional (possibly infinite)
Flw) = [ [FDw) + 3 cafal Do) do.

In order to avoid that f, interferes with the leading term f, we will assume that for
those f, effectively present in the functional (i.e., those for which ¢, # 0) the exponent
Pa is strictly larger than p:

(2.8) for each «, either [p, >p and ¢, > 0] or [p, =p and ¢, =0];

then we have:

Theorem 2.3 . Let ¢, > 0 and p, > p > 2 satisfy (2.8), let u € W) (Q) be a local
minimizer of F, and assume the growth, coercivity, Holder continuity and uniformity
conditions (2.3), ...,(2.7) hold. In addition, if p < n, assume that p, < p* for all
a (otherwise, no further condition on p, is needed). Then there exist a constant
~v > 0, independent of u, and an open set g C Q, with meas (2 \ Qo) = 0, such that
u < 01’7<Qo).

This result clearly applies to the model case presented in the introduction.
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3 . Proof of Theorem 2.3

We will prove Theorem 2.3 only for ¢, = 1 for all a, the case when some of
the ¢, vanish requiring only an obvious modification of the argument. The result
will be proved via an integral characterization of Hélder continuous functions due to
Campanato, asserting roughly that a function g is Holder continuous once the integral
oscillation fBr(m) |9 — (9)a,r|?dy decays as a power of r: thus our goal is to estimate

fBT(I) |Du — (Du)y |9 dy. To this aim it is useful to introduce the function

Utaor) = f  [[(D)ay P [Du = (D),
Br(mo)
+1Du = (Du)yg

+ Z |Dat = (Dat)zg,r

po‘] dz.

For the minimizers of the simpler functional [ |Dul|? dx the following result, essentially
due to Uhlenbeck, holds (see [8], Theorem 3.1 modified using equation 2.4):

Lemma 3.1 . There exist u € (0,2) and ¢ > 0 such that if u € W'?(B;RY) is a

minimizer of
/ | DulP dx
By

]é [[(Du)glP~2Du — (D)2 + | Du — (Du) o) da

e

then for all p < 1

< eo* | |(DunIDu— (D + D~ (DuP] d
B

We will later need this inequality as a tool to prove the following result, which is
commonly called “main lemma” and is the essential ingredient to estimate the decay
of U:

Lemma 3.2 . If u € WhP=)(Q) is a local minimizer of the functional F, for every
M > 0 there exists a constant C(M) such that for every T < 1 there exists € > 0 such
that for any B,(xzq) C § if

U(zg,r) <e and |[(Du)g,r <M

then
U(xg,r) < C(M)TH U (20,71),

where p is the same exponent as in Lemma 3.1.

The proof of the main lemma is based, as usual, on a blow-up argument around
a point x, however two important features should be remarked: first, if p > 2 the
behaviour of the leading term f(Du) is different depending on whether Du is “large” or
“small” at x; secondly, we do not prove an a priori energy estimate of the Caccioppoli
type, relying instead on the method of improving weak convergence of the rescaled
functions v, defined below to strong convergence.



REGULARITY WITH NON STANDARD GROWTH CONDITIONS 7

To deal with rescaled functions, we introduce also a rescaled version of the inte-
grand: for all A € R™ and A > 0 define

Far(€) = [F(A+XE) = F(A) = ADF(A)E] + D [falAa+Aa) = falAa) = ADfu(Ad)Eal.

We have:

Lemma 3.3 . The following estimates hold:

1 _ _
D2 fa (&) > EA2(p|A+A5|f° 201+ palda + AalP 2lnoz|2)

D] < N (AP + A2l + D[ Aal 2 + Aal* 2] 6l

Far(©1 < e (AP + P21l + D1 Aal "2 + Meal™ 2l6al?)),
with ¢ > 0 independent of A,\.
ProoOF . We have

sy [prase)]”,

(e

= X{[D2F(A+ 2125+ DD o (Ay +A6)] bar Gy |

8l

whence the required estimates follow easily. m

PROOF OF THE MAIN LEMMA . Fix M; we shall determine C(M) later. We argue by
contradiction: assume there exists 7 such that for every choice of € there is a ball which
violates the assert of the lemma; then, there is a sequence of balls B, (xp) such that

|(Dw) gy | < M, Ulxp,rp) =AM, — 0, Ulzp,mr) > C(M)THAL.

We set 3
ap = (u)ﬂch,m? Ap = (DU)Ih,Thv Ap = (Du)xh,TThv

and also for brevity AY = (A)q, and we define in the ball B;(0) the rescaled functions

B 1
AT

vp(2) [u(zp + rh2) —ap — R ARz,

so that Duvy(z) = )\,:1 [Du(zp, + rpz) — Ap]. Then by the definition of A,

(3.2) ][ [Ai—P|Ah|p—2|Dvh\2 + Dol +> Aga—pmavhv’a] dz =1
B1 «

and also
(vn)o,1 =0, (Dwp)o,1 = 0.

. | Ap| (10—2)/2v
h )\h hs

If we set
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the sequences vy, wy, Ay and )\glp a~P)/Pa D.,vy, are relatively compact, therefore we may
suppose

Ah — A
vp — U weakly in WP
(33) wp — W weakly in W12

Aépa “P/Pep 0 weakly in LPe,

the latter being an easy consequence of the fact that p, > p for all a. Also, we assume
that limy, (|Ap|/ ) exists, finite or not.
The function v, minimizes in its Dirichlet class the functional

[ 15+ 2Dg) + 3 fu4s + WDl d

1 o

therefore the Euler equation

(3.4) /B [Df(An + ADvn) D + Y D fo(Aft + Ay Davy) Dol dz = 0
1 o

holds. The second variation of the functional at v;, may be written

(3.5) / [D?f (A, + A\pDvy)Dvp Dy + Z D? fo (A + A Dovi ) Dovn Do) dz = 0
By o

One of the crucial points in the proof is to remark, as we said, that if p > 2 the behaviour
of the principal part f(Du) in the functional F is different depending on whether Du is
large at a point (then |Dul|P is essentially quadratic) or small. In our setting, this will
be reflected in the fact that for p > 2 two different proofs are required depending on
the size of Ay, (rescaled by the factor Ap): precisely, we will find a quadratic behaviour
when |Ap|/An — oo. We assume from now on that p > 2; we will later make some
remarks to adapt the proof to the simpler case p = 2.

FIRST CASE : assume limy, (|Ay|/Ap) = +o0.

In particular, Aj # 0; even if A;, — 0, we may assume that limj, (A, /|Ap|) exists, and
we shall conventionally denote it by A/|A]|.
By (3.3) we deduce that

(3.6) v, — 0 weakly in WP

(p—2)/2
|Ah|p—2( Ah ) :
| An]
we obtain

H[D2f(An+ sh.Don) D2 fa(A§ + s\ Davn)
DwpD e 2 2 Down Dol dz = 0.
/‘31/0‘ [ |Ah|10—2 Wp, gp—l—; ‘Ah‘p_Z W, plaz 0

dividing (3.5) by
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Using (2.6) one deduces that

D?f(An) D?fo (A7)
li Dw;, D h Down Dy, = 0;
1m Bl |: |Ah|p_2 wh (10 + Za: |Ah|p_2 wh (10 dZ 07

h—o0

Taking eventually a subsequence, we may assume by (2.4) that

. D*f(Ap) . D*fa(AR)
A T D¢ A e
exist, therefore w satisfies
A%|\P—2
(3.7) / (CDwDp+ Y \Aa\Pa—p(HA“) Cow Do Dag] dz = 0,
By o

which is a system with constant coefficients, elliptic by (2.5), and whose eigenvalues
depend only on M and the growth conditions (2.4). Then, w satisfies for any 7 < 1

(3.8) ][ |Dw — (Dw),|* dz < é(M) 2.
B,
Now

_ Ah| p—2
N PU (x, 11 :][ [4n] Duy, — (Dup)»|?
SUGntn) = f [(55) 10w = (Du)e
(3.9) + |Dvy, — (Dvp) . |P

+3 AP Dy, — (Davh)7|pa} dz.

We have

IA

() (2]

c(%)zj_2 + C(][BT | Dy, |P dz) (p_Q)/p,

()™

IN

therefore

|[An|\»—2 2 2
(—) |Dvyp, — (Dop)-|“dz < ¢ |Dwy, — (Dwp)-|*dz + ¢ | Dup,|P dz,
B, \ Ah B,

.

since

2 2 2/p
\Dop, — (Dup)-2dz < 4 |Dupl?dz < ( |Dvh|pdz)
B, B

T BT

Thus, we have obtained

(3.10) A, PU(zp, 1) < é(P)][

[\th — (Dwp), P>+ [DoplP + Y Aga—pmavhv’a] dz;
B fe
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we shall later prove that

. 1,2
wy, — W in W2

(3.11) vy — 0 in WP

loc

APe=P)/Papy 4 — 0 in LP

loc?

so that, taking the limit in (3.10), by (3.8) we get the contradiction, provided we chose
C(M) > ¢é(p)e(M).

SECOND CASE : assume limy, (|Ap|/Ap) =1 € [0, +00).

In this case Ay /), — LA for some A with |A| = 1, thus, dividing (3.4) by )\’,';_1, we get

Df(Ah + )\hDUh) o Dfa(Aa + )\hDaUh)
(3.12) /Bl [ Y dp + {Z APa P };Za—l Dang dz = 0.

«

By (2.3),(2.4), and since p, > p, the integral of the quantity in curly brackets tends to
zero as h — oo; we shall later prove that

(3.13) vp — v in WP

loc

(3.14) APe=P/Pepy 4 0 in LD

loc?

since by (2.4)
IDF(€) = Df(n)] < e(lgl"=> + InlP~2)|€ =,

using only (3.13) we remark that

Df(Ah + )\hDUh) — Df()\hlzzl + )\hDU)

lim — Dypdz =0,
h—o0 B )\Z 1
thus by (2.7) we get from (3.12)
(3.15) / lA + Dv|P~2(IA + Dv)Dypdz = 0,
B,

and if we set 9(z) = v(2) + [Az then 9 is a solution of
/ |Do[P~2 Do Do dz = 0.
B
By Lemma 3.1 we have the following estimate:
][ [1(D8),172D6 — (D8, + Do — (D), 7] d
B,

(3.16) < éT“][ [zp—2|Dv\2 + \Dvﬂ dz
By

IA
>

T,



REGULARITY WITH NON STANDARD GROWTH CONDITIONS 11

since by (3.3) and (3.2) the last integral is less than 1; the constant ¢ is independent of
[. Remarking that

Ah Ah
— = + (Dvp)r,
)\h >\h +( Uh)

and using (3.13),(3.14), we may take the limit as h — oo in (3.9), and by (3.16) we
have

limsup A, "U(zp, 77) :][ [|lf_l + (Dv)+|P72|Dv — (Dv),|? + |Dv — (Dv).|P| dz
h B

T

< erh,

which gives the contradiction if we chose C'(M) > ¢é.
PRELIMINARY ESTIMATES : these will be used when proving the strong convergences.
Set for brevity

fo = fan s

and for any s < 1 set Fj(¢) = [ fa(Dy)dz. Let ¢ be any function of class C' on
By, take 0 < t < s, and take a cut-off function  between B; and Bj: the function

on =+ (1= Qun

agrees with v, on By \ B;. We remark that vy, is also a minimizer of F}, thus we have

<e / (D) + fo(Duvy)] d
Bs\Bt

+ c/ fu (¥ — vp)®DC) dz.
B.\B:

Fix 0 < r <1 and K > 0: we may find t,s arbitrarily close together, and satisfying
r <t < s <1, such that for infinitely many values of h (without loss of generality we
assume it happens for every h)

[, 108+ D)= < o [ DY)+ fulDu] =

B
For any such t¢,s we have

Cc

Filwn) = Fi() < [ (1(DV) + fu(Dun)] s

+ c/ Iu (¥ — vp)®DC) dz.
B,\B;
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On the other hand, using Lemma 3.3 and Lemma 2.2
Fi(on) = Fi(¥)
~ [ D5(Dv)(Dv, - Dv) d:
B

+ /B /0 (1—0)D? f,(Dv + 6(Dvy, — D)) (Dvy, — Dp)(Duy, — D) df d=
> /B D fi(D)(Dvy, — DY) dz

+o [ [ldn+ MDup=21Du, - DyP
Bs
+ )\Z|Dvh - D¢|p
+ ) AP Dy, — DotplPe | dz,

where we dropped a useless (but positive) term from the last integral. Therefore we
have for any 0 < r < 1 and K > 0 that there exist r <t < sg < 1 such that for any
t<s<sg

| 140+ 3Dl =2 Du, - Dy

™

+ |Dvy, — D|?
+ 3 N D g, — Dawv’a] dz

(3.17)

<% [ NTUnDU) + fu(Don)] d
By

+c/ M P (W —vp)®DC) dz
B\ B

te /B NP D (D) (D — Do) dz,

where ¢ depends only on p, p, and the dimensions involved, and where we divided by
A} for future convenience.

STRONG CONVERGENCE IN THE FIRST CASE
Since in this case w satisfies an elliptic system with constant coefficients, it is of class

C' in B;; we take
)\h (p—2)/2
V= <|Ah|> v

in estimate (3.17), although we stick to the shorter form ¢ in some places: at the
left-hand side we have

[ g+ Gy oo

o= {() " ol

(Pa—p)/Pa (Pa—p)/Pa Ap | (P=2)/2
+ ;‘Ah Davi — { ] (—|Ah|) Dow

p

-2
| Dwy, — Dw|?

pa] dz.
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As h — oo, the quantities in curly brackets tend to zero, hence the limsup of the
left-hand side of (3.17) is the same as

limsup/ [|th — Dwl|? 4 |Duy|P + Z |>\§Lp°‘_p)/paDavh|p“ dz.
h B, a

Thus, the convergences (3.11) will be proved if we show that the three terms Ry,R2,R3
in the right-hand side of (3.17) tend to zero. We have

Rs = cA;” /B D, (D) (D — Duy,) dz

_ C/BS{A,;%Q—Z‘)]D_z /01 D2f,(0D3)) d@}Dw(Dw — Duwy) dz,

but (Dwy, — Dw) — 0 weakly in L?, whereas using (3.1), the same argument employed
to obtain (3.7) shows that the quantity in curly brackets converges strongly in L> to

ij (1AL INP2 s
Cozjﬂ + § |A’7|p7 p( |1£| ) Cvj Oary 08
v

thus R3 goes to zero as h — oco. Now we deal with R;: by Lemma 3.3, using (3.2),
some computations yield

C

c
_ < .
- K

R1:K

57 [ 100 + (Do) a:
There remains only
Ry = cA;p/ fu((¥ = vp)®DC) dz,
B,\B;

which by Lemma 3.3 is bounded by

|U)h — U)|2 |'Uh|p + Wh Wh c / ep o
0/31{ (s —1)? i (s —¢)P +;(S—t)pa}dz+;(s—t)pa B A lonfPe dz.

S

The first integral vanishes as h — oo by (3.3) and (3.6); the main difficulty in the first
case is to show that the second integral vanishes too: indeed even to show that it is
finite we need Lemma 2.1, since we just have D,v, € LP~; moreover, we know only
that

)\Elpa_p)/po‘Davh is bounded in LP«.

Cover B, with a finite number of cubes well contained in B; and with edges parallel to
the coordinate axes, and let ) be any of them: we will show that

/ Ny Plop [Pe dz — 0,
Q
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thus concluding the proof of (3.11). We recall that, by our choice of the meaning of
7%, Lemma 2.1 implies v, € LP" (Q); by the assumption p, < p*, this in turn implies
vy, € LP>  and we interpolate between p, and p*, setting

1 6 1-—460
- = + — ,
Pa P D
so that . N
g PP —pa) |y P (Pa—p)
Pa(D* — D) Pa(D* — D)
Now

Opa/p _x (1-0)pa /D"
/ |op [P dz < (/ |op P dz) : (/ | |P dz)
Q B Q
% (1-0)pa /D"
:wh</ "Uh‘p dZ) .
Q

Let p,, = max{p,} < p*: by Lemma 2.1 and using (3.6)

(/Qm

. 1/p"
"az) " < ellonlly + D 1 Davnllp.)
L2 _1 1—2 2 _1
Sclwn + A" D A, P Davallp,) < AP,
0%

hence
APaP / [on|Pe d < cwfl AP H1=0a(o=pm)/om
Q
One immediately sees that the exponent of Ay, is

p(p* — pm)(Pa — D)
pm(p* - p)

> 0,

since p, > p, thus
lim )\fba_p/ lop [P dz = 0.
h Q

Letting h — oo we have

limsup|[Ry + R2 + R3] < ¢/K,
h

and letting K — oo we obtain (3.11).
STRONG CONVERGENCE IN THE SECOND CASE.

In this case the good choice in (3.17) would be ¥ = v, but this cannot be made since it
is not guaranteed that v € C*: indeed, it will be so once we prove that it solves (3.15),
but this will be possible only after the proof of the strong convergence (3.13). So, we
shall take instead of v an approximating function V of class C', then we shall let V
approach v.

As h — oo the limsup of the left-hand side of (3.17) is larger than

¢, limsup Dw;, — DvlP + NP1 D o |Pe | dz — DV — DvP dz.
P h
h B, o B
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As for the three terms R1,Rs,R3 at the right-hand side of (3.17), we deal with R3 using
the same argument employed to obtain (3.15), and we have

[Df(An + A DV) — Df(Ap)]
APt

li}En R = li}En (DV — Duy,) dz

_ L/ 1A+ DV[P-2(1A + DV) — "L A|(DV — Dv) dz.
B

S

Also, by Lemma 3.3 and by (3.2) we have

Ry < % (1+/BS IDVIP dz + wy, ;/B D,V |Pe dz);

again as in the first case
V—wnl® | [V -l A L
e[ | NV
<o [ (o~ o P
+cZ(s—t)_p“/ NPl [P dz.
« B,

We may deal with the second integral using the same interpolation argument as in the
first case, while in the first integral we may use (3.3), thus obtaining

lim sup Ry < IV =vl3+ IV —o|),
h

_c
(s =)
and thus in (3.17) we may let h — oo, then V' — v in WP then K — oo to obtain
(3.13) and (3.14).

REMARKS FOR THE CASE p = 2

In the case p = 2, the first term in the definition of U may be dropped, and there is no
distinction between vy, and wy,. Using (2.6), by (3.3) one gets as h — oo

/ [C DvDy + Z |AY|P=—2(C, DavDagp} dz =0,

B -

and (3.8) follows for v. Then one has

(3.10") A 2U (2, 1) < c][ [|Dvh — (D), |* + Z )\fba_2|Davh|p°‘] dz
B~ o

and one must prove

(3.11) v, — v in W2 )\%po‘_z)/po‘DavhHO in LY.

loc ? loc*

The preliminary estimates yield (3.17) with the left-hand side reduced to
[ 1D = DU+ 32D, D]
B, o

and one chooses ¥ = vj; it is very easy to see that R3 — 0 and Ry < ¢/K; also, Ry is
bounded by

[on — v]? L
R D S O e R e

and the rest of the proof is unchanged. m
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The rest of the proof of Theorem 2.3 is standard (see e.g. [2]|, Proposition 2.7 and
Proof of theorem 2.1). In particular, one sees that the Holder exponent 7 is at least
equal to p/p, and that the set of regular points can be characterized as

(3.18) Qo = {z € Q:limsup |(Du),,| < 400, lirr(l) U(z,r) = 0}.

r—0
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4 . Further results

This section contains some remarks and extensions of the main result.

In the case p > 2, the leading term |DulP lacks ellipticity in zero; if this problem
is removed, one expects that the regularity result still holds, moreover, the condition
Pa > p is no longer necessary: indeed, let p,p, > 2 for « = 1,...,k, let f, be as in
Section 2, and consider the functional

k
(4.1) /Q[(H DuP’? + 3 fu( Do) der

Set

_ Jmax{p,p.} ifa<k
Qo = P otherwise,

and define ¢* from {q,} as we did for p* from {p,}; then we have:
Proposition 4.1 . If u € WH(4)(Q) is a local minimizer of (4.1) and

Go < " for all

then there is an open set Qq, with meas (2 \ ) = 0, such that u € C17(Qq) for all
v <1

PROOF . It is enough to follow the general lines of the proof of Lemma 3.2, with some
remarks.
The function U reduces to

U0, 7) :][ ( 1Du = (Du), 2 + 3 |Dau = (Dou), 12| da;
B»,« .’Eo) a=1

in the statement of the main lemma one has p = 2, which will give Holder continuity
for all v < 1 instead of some 7. One sets U(zp,ry,) = A7, and not A}, and instead of
(3.2) one has

[ (1ol + 3 x2panie] d= =1,
B =

so that
A, — A

vp — U weakly in W12
)\%q"‘_m/q"‘Dvh — 0 weakly in L9,

once we prove that the weak convergences are actually strong, by interpolation we also
get

k
N2 Dogl? + > AT D[P — 0 in LY
a=1

thus from the Euler equation one gets (3.7), where C' may be written explicitly as

A®A>

€ =p(+ AP I+ (- 2) T
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and is elliptic, with least eigenvalue greater than p and largest eigenvalue dependent on
M. Therefore, v is of class C! and satisfies (3.8). Once the weak convergences above
are proved to be strong, the lemma (and hence Proposition 4.1) follows as in Lemma
3.2 — obviously, there is no need of a “second case”.

The preliminary estimates are as before, except that one knows that v will be just
v, and (3.17) can be reduced to

/ [|Dvh — DuP + 3 A2 Dy — Dav\%} dz
B a

<% [ AUn(D) + fu(Dun)] dz
By

+ c/ A2 fn (v = vp)®DC) dz
B.\B;

+ c/ A, 2D fy,(Dv)(Dv — Duy,) dz.
B
This estimate will give us the strong convergences once we prove that the terms
R1,R5,R3 at the right-hand side vanish; R, and R3 are dealt with as before, and Rs is
bounded by

_ k _
c/ [|vh—fu\2 wh 4+ N2 o, [P thﬂga 2|vh|pa]
B

(s —t)2 (s —t)p (s — t)Pa

From the definition of q,, for all € there is C. such that the integral above is bounded

by
vn — v Wh Ape 2 up|
SO (Lt S C D o U1 PR
5+6L¢%w+§@4w+§<%maz
Interpolating between 2 and ¢* we get

04a/2 - (1-0)q0 /7"
/ |vp|e dz < (/ |vh|2dz) R (/ lop|? dz) o ;
Q B Q

we estimate the last integral using Lemma 2.1 and we have

)\(}Jla_2 /62 |/Uh|Qa dZ S c )\i(qa_2)(q*_Q'm)/[(q*_2)Q'm],

and the exponent is positive because 2 < ¢, < ¢, = max{q,} < ¢". After the main
lemma is proved, the conclusion is as before — in particular, the regular set g is still
given by (3.18). m

Remark 4.2 . A similar result holds if the leading term (1 + |Du|?)?/? is replaced by
a function of the same type (growth of order p at infinity, ellipticity constant bounded
away from zero).

Remark 4.3 . If in Theorem 2.3 we assume p = 2 and

Pa > 2 for all a ifn=2
2-2%
(4.2) { < pa < 2% foralla ifn >3,
2 4+ 2* — max{pg}

then by [10] one has u € W22(Q), thus as in [6] Chapter 4 we may prove that the
Hausdorff dimension of the singular set 2\ € is at most n — 2. A similar result holds
in the setting of Proposition 4.1, where no explicit condition on p is needed, and the
numbers q,, satisfy (4.2).
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