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Regularity for minimizers of non-quadratic functionals.
The case 1 <p< 2.

E. AcErBI & N. Fusco

Introduction

Let f be a function defined on R*"xRN xRV, and set

I(u,A) = / f(z,u(z), Du(z)) da :
A
we say that u is a local minimizer for I if
I(u,spt @) < I(u+ ¢,sptp) for all € C3(R™;RY).

In a fundamental paper, appeared in 1977, K. Uhlenbeck [10] proved everywhere C'*® regularity for
local minimizers u € W1P(Q; RY) of

/Q Du()? de,

with p > 2, and more in general for local minimizers of

/ g(]Du(x)\Q) dx
Q

when g(t?) behaves like t?. This result has been generalized in two different ways: in [2],[4] depen-
dence of the integrand on (z,u) is allowed, and in [1],[7],[8],]9] the case 1 < p < 2 is studied. Under
this assumption, regularity is proved in [7],[9] only for N = 1, which in the smooth case corresponds
to a partial differential equation instead of a system, and in [1],[8] only for quasilinear systems.

In this paper we give a regularity theorem in the nonlinear case with N > 1, 1 < p < 2 and
dependence also on the variables (z,u).

This work has been supported by the Italian Ministry of Education
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We consider first the case independent of (z,u): let 1 < p < 2, and f: R™ — R satisfy for a
suitable p > 0 the following assumptions:

e (12 + I612)"% < £(€) < e +1¢?)": (H1)

&) =g(l¢f),  withge C*(R)if p>0or g€ C*(R\{0}) if u=0; (H2)
ID2f(€)] < e (u® + 1) "%, (H3)

(D2F(E)n. m) = (u? + €)D" 2, (H4)

and also, for some « € (0,2 — p],

ID2f(&) = D2 ()] < e (2 +162) 22 (12 + )PP (W2 + 162+ ) 2 g —plo. (H5)

Then we have everywhere regularity:

Theorem 1.1 . Let u € Wli’cp(Q;RN) be a local minimizer of [ f(Dv(z)) dz, with f satisfying
(H1), ...,(H5). Then Du is locally \-Hélder continuous for some A > 0.

For the case with (z,u) we need the following assumptions:

for every fixed (zg,up) the function f(xg,uq,&) satisfies

H6
(H1), ...,(H5) with p, ¢1, ¢, @ independent of (g, ug); (H6)

Fw,6) = F(y,0,6)] < (12 + €2)" w(lul.|o — y| + u— v]), where

(H7)
w(s,t) = K(s) - min{t”, L} for some L > 0 and v € (0,1], and K is increasing.

Then, denoting by Hj the k-dimensional Hausdorff measure, we have a partial regularity result:

Theorem 1.2 . Let u € VVliCp(Q, RY) be a local minimizer of [ f(x,v(z), Dv(z)) dx, with f satis-

fying (H6),(HT7).Then there is an open set 2y C Q such that H,_,(Q\ Qo) = 0 for some ¢ > p, and
Du is locally A-Hélder continuous in 2y for some \ > 0.

Our proofs follow the argument used in [4],[10] for the case p > 2, and rely heavily on the
special structure (H2) of f. In our case there are some new difficulties, as for example in proving
Proposition 2.6 where the simple device of adding ¢ [ |Du|? dz to the functional would not affect its
lack of ellipticity at Du = 0.

The difference with the case p > 2 does not lie only in the technical problems involved, but
also in some regularity properties of the minimizer v which come as a by-product of our estimates:
precisely the function u, which is a priori only in WP, comes out not only to be in C1*, but also
to have second derivatives in L2.

Finally, we remark that it is not difficult to obtain the analogous of Theorems 1.1 and 1.2 when
f has the form

f(x,u,é) = g($,’LL, aa,@(x7u) bij($7u) 5; éé)

with a, b uniformly elliptic, bounded, symmetric and ~-Hélder continuous (see [2],[4]).
While writing this paper, we were told that also C. Hamburger [6] was working on the same
subject, but using very different techniques.
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Proof of Theorem 1.1

To simplify the notation, the letter ¢ will denote any constant, which may vary throughout the
paper, and if no confusion is possible we omit the indication of Q and R* when writing W7 (Q; R¥).
If u € LP, for any Br(zo) we set

7, 1
Upy,R = ———— u(z)dr = u(x) dx.
0 meas Br Br(zo) ( ) Br(zo) ( )

We will often omit the centre of the ball, thus writing only ugr and JCBR'
First we give some basic inequalities: '

Lemma 2.1 . For every v € (—1/2,0) and p > 0 we have

fé(u2+!n+8(§—n)\2)7ds< 8
(w2 + 12+ M) T 2y 41

1<

for all ¢, n in R¥, not both zero if i = 0.

PROOF . The left inequality follows from the convexity of s +— |1+ s(¢ —n)|?, since v < 0. In order
to prove the second inequality, we may assume

gl <nl,  &#n.
Denote by &y the point with least norm of the line through 7 and &, and set

_ &=l
1§ —=nl’

in addition, for every A € R* and s € [0, 1] set

S0

oa(s) = (> + In+sA—n)*)".

We remark that so > 1/2; in the case so > 1 we have @¢(s) < ¢, (s) for all s, so that

Jope(s)ds < [ope,(s) ds. (2.1)

In the case sog < 1

Jowe(s) ds < 2[5°pe(s) ds = 250 [y, (5) ds < 2 e, (5) ds. (2.2)

Remarking that ¢¢,(s) < ¢o(s), from (2.1),(2.2) follows

Je(u® + [+ s(&=n)?) " ds < 2 o (12 + s2[n]?)” ds
<P 4 SR+ ) ds < Af L (n+ s(IE2 + nf2) P ds.

Nowif0<b<a
f(l)(a + sb)*7 ds < a® < 2(a® + b?)7

and ifb>a >0

(a+ )+t 2

1 2y <
Jola+sb)™ ds < 2v+1)b — 2v+1

(a+b)* <

2 2
_“ b)Y
_27+1(a—|— )"

so the result follows from (2.3). m
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Lemma 2.2 . For every v € (—1/2,0) and p > 0 we have

o PR P nP) Tl ek
2y +DIE—n| < (12 + 12+ ) <% 116
for every &, n in RF.
PROOF . Set
- - 7+1

F(Q) = gy 0+ I<P)

so that
DF(Q) = (1 +1¢)' ¢ DFQ = (0 +1c”) (T+ 5 e , 75 €90);
in particular we have
(DXF(QO)NA) 2 (29 + 1) (1 + [¢*) T AP (2.4)
ID2F(Q)| < VE+1(p +[¢?)". (2.5)

Then by (2.4) and Lemma 2.1

(DF() = DF(n),€ =) = ( [(D*F(n+ s(§ = m) ds (€ =), (€ = n))
> (2y + 1) (1 + €7 + )7 1€ =0,

and the left inequality follows immediately. By (2.5) and Lemma 2.1

IDF(€) — DF(n)| < [o|D*F(n+ s(& —n))| ds|¢ — |

SVk+1, 2 217
<
= oy 1(N +\§’+!?7\)7
which concludes the proof. =

In what follows, u € W,-” is a local minimizer of [ f(Du)dz, with p > 0 fixed (it is not
restrictive to take u < 1), 1 < p < 2, and f satisfies some of the assumptions (H1), ...,(H5). We set

H(E) = (12 + |¢)""”
V(E) = (1 +1e?) e
<I>(x0,R):]{3( )\V(Du)—(V(Du))Mfdm.

First we give a higher integrability result for H(Du):

Proposition 2.3 . Let f satisfy (H1). There are two constants ¢ > 0 and q > 1, both independent
of i, such that

v
H(Du) d ) <ol H(Du)ds

Bry2 Br

for every Br CC ).
The proof is essentially the same as Theorem 3.1 of [3], section V.

From now on we specialize to the case p > 0, to obtain the estimates which will allow us to deal
with the general case.
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Proposition 2.4 . Let f be a function of class C? satisfying (H1),(H4). Then
u € I/Vli’p V(Du) € I/Vlif

c?

Moreover
/ ID(V(Dw) [ dz < < | H(Du)dz (2.6)
Br/2 R Br
(p—2)/2 c
/ (1% + |Du)?)™” |D?u|? dx < 75 [ H(Du)de (2.7)
Br/2 Br
/ ID*uPdz < — | H(Du)dz. (2.8)
Br/2 Ry Br

for a suitable c¢ independent of .
PROOF . Since f is a convex function of class C!, by (H1) w e have also

IDFE)] < e (u2+1¢2) "2, (2.9)

Let e be a coordinate direction in R"™; for every function g we define

Ang(e) = 1 loCe + he,) — g(a)].

For every ¢ € WP with compact support in © we have

[ fe(Dw D' ds =0,
so that for h small
/[féi (Du(x + hey)) — fei (Du(z))] Doy’ dz = 0.

Choosing @' = +n* Aput, with n € C2(Bg), 0 <n < 1,7 =1on Bg, |Dn| < ¢/R and |D?| <
¢/R?%, we obtain

/Ah (fgé (Du))DaAhui n?de = —2/Ah (fgé(Du))Ahui n Dandzx. (2.10)
But .
Ap(fei (Du)) = / fei s (Du+th D(Apu)) dt Ds(Apu?)
o *°
and also .
An(fe (Du)) = /0 % [fei (Du(z + the,))] dt:

then (2.10), using (H4),(2.9), implies
/(u2 + |Du(x)|* + |Du(z + hes)\z)(p_Q)/2 |DARul? n? dx
1 d ‘
< 2// fei (Du(z + they)) dt d—(Ahul n Dyn) dx
o Ts
1
<c [ [+ 1Duta+ the,) )2 dt (DAl |Daly + | Snal 0 D] + (D)) d
0

1
< % // (1 + | Du(z + thes)]2)(p_1)/2 dt |DApuln dx
0

1
+%/ /(u2+\Du(x+thes)12)(p1)/2dt\Ahu\dx,
Ry )
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Applying Young inequality in the second-last line, one easily reduces to
2 2 2\ (P—2)/2 2,2
(1* + |Du(z)]* + \Du(az + hes)|?) |DApul” n* dx
p—1 2 2 2\ (2—p)/2
< R2 ,u + |Du(z + they)| ) dt (1° + |Du(z)]* + |Du(z + hey)|?) dx
Br

+ =5 / / (1* + |Du(z + thes)|2)(p_1)/2 dt |Apul dx.
R? /g, Jo

(2.11)
Now by Lemma 2.2

/ |Ah(V(Du)) |2 de < /(,u2 + \Du(az)]2 + |Du(x + hes)]2)(p_2)/2 ]DAhu]2 n? du; (2.12)
Bry2

joining (2.11),(2.12) and taking the limit in h we get that V(Du) € W,"?

0w, together with (2.6). Also,
by Lemma 2.2

/ |ApDu|P dx < c/ |Ah(V(Du))‘p(,u2 + |Du(x)|? + | Du(z + hes)|2)p(27p)/4 da
Bry2 Br/s

< c</BR/2|Ah(V(Du))|2dx>p/2 < . H(Du) dac) (HW,

and this implies u € VVli’Cp, together with (2.8). To conclude the proof it is now enough to revert to
(2.11): taking the limit in A yields (2.7). m

For every N > 0 we set
hy(z) = p? + (min{| Dul, N})*.

We have
Lemma 2.5 . Let f be a function of class C? satisfying (H1),(H4). Then for every q > 0

Wiy € Wids  [DRY] < ae(N) D%l 1ipuj<y
and
he Due W2 D(h% Du) = DhY Du+ h% D?u.
Moreover
H(Du) € W,2*, where s = 23’1}9 > 1.

If in addition f satisfies (H3) we have also
fei (Du) e W2, D(fei (Du)) = fer 62(Du)D(Dﬁuj).
PROOF . A consequence of Proposition 2.4 is that Du € VVIOC , and
D*u 1ipu<ny € Ly

therefore the properties of h%, and h% Du are immediate, and the regularity of H is obtained by
letting N — oo in hp /2 , recalling (2.7). Then, approximating Du in I/Vli’f with smooth functions,

and using (2.7) and (HS) it is easy to prove also the assertions on fe: (Du). =
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Now we use the special form (H2) of the integrand: set
Aug(x) = [¢' (IDul?)6ap + 29" (|Dul?) Dou™ Dgu™] (u* + ]Du\Q)(Q_p)/Q.

We remark that if (H1), ...,(H4) hold then A is a uniformly elliptic matrix with bounded coefficients,
and the ellipticity constant, the coefficients and the ratio of the greatest to the least eigenvalue are
bounded independent of .

From now on, (H1), ...,(H4) are always assumed.

Proposition 2.6 . There is a positive ¢, independent of p, such that
/Aaﬁ Do (H(Du)) Dgndz < —c/\D(V(Du))fndx

for all n € C}(Q) with n > 0.
PROOF . In the Euler equation

/fgg (Du) Dy’ dz =0

we are allowed by Lemma 2.5 to take ¢ = D4(nh%, Dsu); then we have
/DS (fer (Du))h%, Dou' Dondx = —/DS (fei (Du))n Do (h%y Dsu’) da.
Using (H2), the left-hand side may be written
% /AaS Dy (H(Du)) Don hf da;
at the right-hand side we have

- /Ds(fsg (Du))(n Dsu’ Doh’; +nh% Dasu’) dz

SqC(Nm)/

D% dx — c /\D(V(Du)) |? nh, da.
{IDul<N}

Letting ¢ — 0 we have h%, — 14|puj<ny in L%, so that finally
/ Aws Dy(H(Du)) Dynda < —c / |D(V(Dw))|* n da, (2.13)
{|Dul<N} {|Dul<N}
and the result follows as N — co. m
Proposition 2.7 . There is a ¢ independent of j such that
sup H(Du) < ¢ H(Du)dx (2.14)
Bry/2 Br
for every Br CC (). Moreover
uwe W? H(Du) € W22,

loc? loc

Proor . Fix N > 0; we remark that by (2.13) and Lemma 2.5 the function hI])V/2 is a I/Vlif
subsolution of the elliptic operator —D, (A3 Dg); then by Theorem 8.17 of [5] we have for a suitable

¢ independent of p
1/q
sup h%Q <c <][ hI])\;]/Q d:z:> ,
BR/4 BR/2

where ¢ is the exponent of Proposition 2.3. Taking the limit in N and using 2.3 we obtain (2.14);
the regularity of u and H(Du) follows then from (2.7). m
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The proof of [4], Proposition 3.1 works also in our case, so we have

Proposition 2.8 . There is a ¢ independent of i such that

D (0, R/2) < c[sup H(Du) — sup H(Du)]
Br Bry2

for every Br CC fQ.

Lemma 2.9 . Let Br(xo) CC {2, and assume

sup|Dul® <k (u? + [¢[?)
Br

for some k, €. There are two positive constants ¢, §, both dependent on k but not on p and &, such

that
1496
][ |Du — £*+2 da < c<][ |Du — £ d:z:> .
Br/2 Br

PROOF . Let B,(yo) C Br(xo) and set
w(@) = u(@) = Uy, o — & = Yo)-
Since for every ¢ € C}

[ Fe(Dw) Do do = [ 17, (D) = £, (9] D' dz =0,

we have

1
// Jei & (€ + s Dw)ds Dgw’ Doy’ da = 0. (2.15)
O [e3

Fix n € C§(B,) with0 <7 <1, =1in B,/ and |Dn| < ¢/p, and take ¢ = wn?: then by (H3),(H4)
and Young inequality we get from (2.15)

1
// (1 + 1€+ sDw\Q)(p_Q)/2 ds | Dw|? n* dx
0

. (2.16)
(p—2)/2 2 2
Sc// (1? + |€ + sDwl?) ds w*®|Dnl|* dx;
0

by Lemma 2.1 and our assumption on sup |Du|

1
—2)/2 —2)/2 —2)/2
C(k)(u2+|£|2)(p )/ é/ (,u2—|—|£—|—sDw|2)(p )/ dséc(u2+|£|2)(p )/7
0
0 (2.16) becomes
/ Du—gPde <5 [ u= g, - - )P do
BQ/2 Q o

and the result follows by Sobolev-Poincaré inequality and Gehring lemma. m

From now on we use also assumption (H5). It is not restrictive to take the exponent § in Lemma
2.9 to be less than the exponent « of (H5).
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Lemma 2.10 . There is a ¢, independent of p, such that for every T € (0,1) there exists ¢ > 0,
dependent on T but not on p, such that

®(xg,R) < e sup H(Du) = ®(zo,7R) < c7° ®(20, R)
Bry2

for every Br CC §Q.

PROOF . We only need to prove the assertion for 7 small, therefore we fix 7 < 1/8; we will select &
later. Take £ such that

V() = (V(Du))ro,R.
By Proposition 2.7

sup H(Du) < ¢ H(Du)dx < ¢ ][ (1P + V(D)) dz < ¢ (uP + ®(20, R) + [V(E)?), (2.17)
Bry/2 Br Br

so that if € < 1/2¢ we deduce

(w9, R) < 2ez (u + [V (€)?) < = (u? +[¢[*)"*; (2.18)

therefore, going back to (2.17),

sup |Dul? < sup H(Du) < ¢ (p® + \5]2)p/2. (2.19)
Br/2 Br/2

Choose w as in Lemma 2.9, and let v € W'2(Bp/4) be the solution of
fBR/4 fggx g (§) Dgv? Do dz =0 for all p € WOI’Q(BRM).
v € w+Wy?(Brya)

We have

][ |Dv — (Dv),5|? dz < cr? ][ |Dv — (Dv) g4l d, (2.20)
B:gr Brya

where the constant ¢ depends only on the ratio of the eigenvalues of D2f(£), and therefore is
independent of u. By (2.15) we have for all ¢ € Wol’Q(BRM)

} Je o (@Da! — Dyuw)Dag' do
B
e ) (2.21)
:]Z / [fgz I3 (§+3Dw)_fgi I3 ()] ds Dgw’ D" du;
BR/4 0 (e3¢} (e3¢}
recalling that o < 2 — p we obtain by (2.19) and Lemma 2.1
1
/0 ‘fﬁa%(g + sDw) — fgggg(f)’ds
1
~2)/2 —2)/2 2-p—a)/2 o
< (M2+|£|2)(P )/ / (,u2+|£—|—sDw|2)(p )/ (,u2—|—|£|2+|£+sDw|2)( p—a)/ |sDw| ds
0
1
<c(W+ ‘5’2)—042 | Dw|® / (1 + 1€+ sDwP)(p_m/2 ds
0

—2—a)/2 o
<c(u+ 1) |Dupe.
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Choose ¢ = v —w in (2.21): using (H4) we deduce
][ |Dv — Dw|*dz < ¢ (p* + \5]2)701/2 ][ |Dw|'T |Dv — Dw| dz,
Brya Brya
and using again (2.19)

][ |Dv — Dw*dx < c(p® + [¢]*) ][ | Dw|?T2 dx
Brya

BRrya

el IF) " f IDuP Dufe da
R/4

-
<c(+[¢?) " f  Du
Bry/a

By (2.19) we may apply Lemma 2.9, thus obtaining

1446
][ |Dv — Dw|*dz < ¢ (4 + \512)‘5 <][ |Du — &J? dx> . (2.22)
Brya Bry2

Now, using Lemma 2.2,

®(z0, 7R) g]é [V (Du) = V((Du)rr)|* da

<c ][ (42 + |Duf® + |(Du)rgl2)*~2/? |Du — (Du), g da (2.23)
BTR

< e +1(Du)ref) " o Dw— (D)l da,
B

TR

From (2.20) we get

][ |Dw — (Dw),g|? dx < 2 ][ [|Dv — (Dv),g|* + |Dv — Dw|?] dx
B:r B:r

< c<7’2 ][ |Dv — (Dv)gyy|*da+ 77" ]l |Dv—Dw|2dﬂ:>
Bry/a Br/a

< c<7’2 ][ |Dw — (Dw)gs|* dx + 77" ][ |Dv — Dw|? dac)
Bry/a Bry/a

146
<ecr? ][ |Du — & dz + 7" (0 + |§|2)75 <][ |Du — £ dm) ,
Bry/2 Bry/2
(2.24)

where we used (2.22). But by Lemma 2.2

]l Du— P dr < c ]l (42 + € + [DuP) 2P |V (Du) — V(©)P da
Br/2 Bry/2 (2.25)

2— 2
<c(®+1¢) 2 0w, R),
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using again (2.19). Then from (2.23),(2.24) we deduce

2 4 52 (2—p)/2 » -
®(zo, TR) < e <M2 i ’(DL'L)‘TR’2> [7'2 ®(zo, R) + 7 (MQ + |5|2) v/ (@ (o, R))Hé],

and (2.18) implies

p? + €2
p? + [(Du),g|?

(2-p)/2
®(xg,7R) < c < ) (72 + 77" %) @ (20, R). (2.26)

We prove that the ratio appearing at the right-hand side is bounded: using (2.25) and (2.18),
€1* < 2(|¢ = (Du)rr|* + |(Durr|?)

< 2(} Du— €l da + r<Du>TRP)
B:r

c <Tn ][ Du— ¢[2 du + ](Du)TR]2>
Br/2
[ e (12 + €P) + | (Du)erf].

IN

IN

If 77" e < 1/2¢ we obtain
€7 < ¢ (1® +[(Du)-r[?),

therefore in (2.26) it is enough to choose & < 7("*2)/9 to conclude the proof. m
Proposition 2.8 and Lemma 2.10 are the only two estimates needed to prove
Proposition 2.11 . There are two constants ¢ > 0 and o < 1, both independent of u, such that
sup |Dul? < c][ (1P + |Du|?) dx
Br/2 Br
(a0, 0) < c(F) o )
for every Br CC ) and 9o < R.

The proof is the same as Lemma 3.1 and Theorem 3.1 of [4]. To extend this result to the case
u = 0 we will approximate the function f.

Lemma 2.12 . Let f satisfy (H1), ...,(H5) with u = 0, and for 0 < € < 1 set g°(t?) = g(e? + t2).
Then the function f¢(§) = g°(|¢|*) satisfies (H1), ... ,(H5) with u =€, the same «a and ¢ as f, and
with ¢ independent of €.

PROOF . It is easy to derive from (H1), ..., (H5) the properties of g:

c1 [t < g(#%) < clt]P; (G1)
sIP 2 < g/ (#%) < cftfp?
2 — — .
{ (%)) < c [t} for all ¢ # 0; (G2)
gt +29" ()2 > |t|P72/2  for all t # 0; (G3)

19/ (%) =g/ (") |+ |g" ()% — 9" (s)s?| < c[t|P=2 [s|P72 [ 47|27/ 2 |t =] fort,s #0. (G4)
Then the properties (H1), ...,(H4) of f¢ are immediately verified, and (H5) requires little effort. m
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Proposition 2.13 . The result of Proposition 2.11 holds also in the case y = 0.
PRrROOF . Fix a ball B CC Q, and for every € € (0,1) let u. be the (only) minimum point of

/ fe(Dv)dz
B
in the space u + Wy"?(B). Then

/ |Duc|P dr < ¢ / fe(Due)dx < ¢ / fe(Du)dx < ¢ / (1+ |Du|2)p/2 dx;
B B B B

moreover by (2.8), if Bg is any ball contained in B,

& p/2 c 2\P/2
|Duc|P de < — / e? + |Du,|? de < — / 1+ |Dul dx;
/E;R/z S Rp BR( & ) Rp B( )

therefore, at least for a subsequence,
u. — ug weakly in W2P(B) and weakly in u + Wy*(B).
Since Du. — Dug a.e., it is easy to check that g is a minimum point of [ f(Dv)dz in u—H/VOl’p(B)7
so that ug = u because f is strictly convex due to (H4). By (2.6) we then have
(e + |D7LL€|2)(1)72)/4 Du. — |Du|?=2/2 Dy weakly in W,-?(B),
so the result follows by letting ¢ — 0 in Proposition 2.11. =
Remark 2.14 . In the case u > 0, from (2.7),(2.14) we deduce that for every Br CC (2

2/p
][ ID%uf? de < — ( H(Du) dw> ,
Br/2 R Br

and the discussion above shows that this inequality holds also in the case p = 0, thus implying
uwe W22

loc *

PrROOF OF THEOREM 1.1 . Fix Br(xg) CC 2 and yo € Br/a(20), then take B,(yo) CC Bg/2(0):
from Propositions 2.11 and 2.13 we deduce

2\° R o
< — — ] <
q)(y07g) ~cC (R) CI)<y07 2) = C(R)Q )
and also
sup [Dul’ < sup |Dul? <¢(R).
By (yo) Bry2(wo)
Then
|(V(Dw),, | < c(R),
so if & is such that V(§) = (V(Du))y0 , We have
€l < e(R),

and by Lemma 2.2

J

This inequality allows us to apply the regularity theorem of Campanato (Theorem 1.3, section III
of [3]), which concludes the proof. m

Du= (DuPde< | Du-gPde<ef VD) -VOP (2 +1Duf + |57 do
BQ BQ

< ¢(R) ®(yo, 0) < ¢(R) ¢

4
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Proof of Theorem 1.2

Deriving Theorem 1.2 from the decay estimate for ® given in Propositions 2.11 and 2.13 is
almost routine, and we shall often refer to [3],[4], giving only the statements and some proofs which
are different from the case p > 2. In this section we always assume that f satisfies (H6),(H7), and
we adopt the definitions of H, V and ® given in section 2; it is not restrictive to assume p < 1.

As its proof depends only on (H1), again we have a higher integrability result for H:

Lemma 3.1 . Let > 0. Then for every B CC (2
1/q
< H(Du) dx) <c H(Du)dx,
Br/2 Br
with ¢ > 1 and ¢ > 0 both independent of i, R.

If a function happens to be a global minimizer whose boundary value has some extra regularity,
then the local result of Lemma 3.1 becomes global:

Remark 3.2 . Assume [ satisfies (H1) and B is a ball; if v is a minimizer of [ f(Dw)dx in the
class u + WyP(B), with u € WhP+¢(B) for some € > 0, then H(Dv) € L(B) for some q > 1, and

1/q p/(p+e)
(%fﬁﬂ%hh) §c<ffwﬁdﬂumym> .
B B

For the proof, see [3], page 152.
In order to use the estimates of section 2 we compare u with the solution of a problem indepen-
dent of (z,u):

Lemma 3.3 . There are two positive constants ¢, (3, both independent of u > 0, such that if
Br(xg) CC Q2 and v is the minimum point of

/ f(:E(]) (U)IO,R, D'lU) dr
Bry/2

in the space u + Wol’p(BR/g), then

B8
][ V(D) — V(D)2 de < e K (|uag pl) 4 H(Du) da (Rp ][ (14 [Dul?) dm) .
Bry2 Br Br

ProOF . We may assume that the exponents ¢ in Lemma 3.1 and Remark 3.2 are the same, and
that ¢y > p(q—1), where  appears in (H7). To deal simultaneously with the cases y = 0 and p > 0,
set

go(t) = g(:E(]auxo,th)
and define for all e > 0
o) =4+ €P)

(compare Lemma 2.12). We may write

/ (D) — (D)) da
Br/2

:/ f&i (Dv)(Dau' — Dv') da
Brys « (31)

1
+ /B /0 (1—3) g ¢ (Dv + s(Du — Dv)) ds (Dou’ — Dov')(Dgu! — Dgv?) da
R/2

=17 + 13



E. Acerbi & N. Fusco Regularity in the less-than-quadratic case 14

since (2.8) holds for f¢, we have easily
lim If = / f& (Dv)(Dau’ — Dav') dz = 0
€ Brj
by the minimality of v, whereas (H4) and Lemmas 2.1 and 2.2 imply
E>c / (2 + 12+ [Dul)* ™ Du— (€2 + 12 + | Do) * 2 Do) da,
Br/2
and by Fatou’s lemma
liminf IS > ¢ / |V (Du) — V(Dv)|? dx;
€ Br/2
letting € — 0 in (3.1) we have by (H1)
][ [70(Du) — [O(Dv)]da > ¢ ][ WV (Du) — V(D) da. (3.2)
Br/2 Bry/2
On the other hand, the left-hand side of (3.2) may be written

Sl+52+53:][ [f (20, Uzy R, Du) — f(x,u, Du)|dz

+][ [f(x,u, Du) — f(x,v, Dv)]dx
Br/2

Here,

by the minimality of u; by (H7) and Lemma 3.1

S1 < e K(Jug,,r|0 H(Du) (min{L, R + |u — uyy r|})” dx
Bry2
(¢-1)/a
< (L) K(lugl) { H(Du)dz <][ (R” + Ju — ugl?”) dx>
BR BR

(¢—1)/q
< cK(jugl) { H(Du) dm<Rp][ (1+ [Dul?) dm) .
Br Br

Analogously by (H7) and Remark 3.2

(a—=1)/q
S3 < cK(|ug) H Du) d:n<][ (RP + v —ul? + |u — ug[?) dm)

Bry/2

(a=1)/q
< cK(|ugr)) H Du) d:U(Rp (1 + [Dul?) d:n> ,

and the result follows by (3.2),(3.3),(3.4



E. Acerbi & N. Fusco Regularity in the less-than-quadratic case 15

Proposition 3.4 . There exists an open set Qo C € such that u € C%*(Qq) for every A < 1, and
Hausdorff measure H,,_,_.(2\ Q) = 0 for some € > 0.

PROOF . For every B,(xo) CC 2 we set

p(wo, 0) = Qp][ H(Du) dx;
Bg(xo)

fix a particular Bgr(xg), and let v be the function defined in the statement of Lemma 3.3. If
0 <7< 1/4 we have

o(xo, TR) < c(TR)P ][B (H(Dv) 4 |Du — Do) da; (3.5)

by Propositions 2.11 and 2.13

][ H(Dv)dx < sup H(Dv) <c¢ H(Dv)dz < cR7Pp(xg, R). (3.6)
B:gr Bry/a Br/2

As for the second term in the integral in (3.5), by Lemmas 2.2 and 3.3

]l |Du— DvlPdx <717" ]l |Du — DvlP dx
Brr Br/2

<erm ][ (1V(Dw) ~ V(Do)| (42 + | Duf + |DuP)* )"
Br/2
B1p/2
<er " [K(\uRD H(Du) dx <Rp ][ (1+ [Dul?) dw) } .
BR BR

s (2-p)/2
<][ (1% + |Dul?® + | Dv[?)? dx)
Bry2

pB/2
<er " (K(jur))”* {  H(Du)da <R” ][ (1+ [Dul?) dac) .
Br Br
By (3.5),(3.6) it then follows
o(x, TR) < c7P (0, R) <1 +7r" (K(]UR‘))”/Q [RP + SD(Z'O,R)]pﬁ/2>.

The result follows from this inequality as in [3], pp.170-174. =
Remark 3.5 . As in the case p > 2, one may prove that
Q\ Qo C {x: sup|ug g| = +oo} U{z: liminf RP ][ |Du|P dy > 0};
R R—=0 Br(z)

in addition, for every M there are €y, Rg such that
Qo D {z: sup |ugr| < M}N{x: inf RP ][ |Du|P dy < eo}.
R<Rg R<Ro Br(z)

PROOF OF THEOREM 1.2 . See the proof of Theorem 4.3 in [4]. m
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