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REGULARITY OF MINIMIZERS
FOR A CLASS OF MEMBRANE ENERGIES

Emilio Acerbi ! Irene Fonseca 2 Nicola Fusco 3

Abstract Regularity properties for (local) minimizers of elastic energies have been challenging
mathematical techniques for many years. Recently the interest has resurfaced due in part to
the fact that existing partial regularity results do not suffice to ensure existence of (classical)
solutions to problems involving free discontinuity sets. The analysis of such questions was
started with the fundamental work of De Giorgi in the early 80’s in connection with the
Mumford-Shah model for image segmentation in computer vision, and later applied to some
models for fracture mechanics, thin films, and membranes ([1], [18], [20]). In this paper it is
shown that local minimizers in W1’2(Q; Rd) of the functional

Folw2) = |

[ [51Du + 1wt} as

are Holder continuous of any exponent 7 € (0, 1), where {2 C R? is an open, bounded
set, f is a (not necessarily convex) function growing linearly at infinity, and V(u) stands for

the vector of all 2 X 2 minors of Du. As a consequence, it is possible to obtain existence of

“classical” minimizers in SBV(Q, R2) of
1
Fu)i= [ [GIVaP + 1u)] o5 [ juegiran s 55,0 0)
2 2

where g € LOO_(Q; Rd), q > 1, 3,7 > 0. These miniﬂizers are “classical” in the sense
that HN_l((Su \ Su) N Q) =0and u € Wl’Q(Q \ Su>.
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1. Introduction

De Giorgi’s seminal work in the early 80’s in the study of free discontinuity
problems with relation to the model of Mumford Shah for image segmentation
in computer vision ([9], [10], [11], [11], [13], [14], [25]) has opened many doors
into the study of mathematical questions relevant to the understanding of the
behavior of thin films, membranes, and fractured elastic media (see [7], [13],
[15], [18]). Although very different in physical nature and motivation, models
for these problems have as a common feature the fact that, when searching for
quasistatic stable or metastable solutions, one is led to minimizing among all
pairs (K, u) an energy involving bulk and interfacial terms,

G(K,u) ;:/ F(Du)dx + 3 lu — g|9dx +~HN "1 (K N 0)
2\K N\K

where (2 is an open, bounded subset of RY, ¢ > 1, g € L>=(£2;R?), 3,7 > 0,
HN=1 stands for the (N — 1)-dimensional Hausdorff measure, K is closed in
RY and u: 2 — R? is smooth.

In order to find minima for this energy, as it is usual one relaxes the spaces
of admissible fields where lower semicontinuity and compactness results may be
found more easily ([2], [3], [4]), and through regularity arguments one concludes
that, indeed, these solutions live in the more restricted set of “classical” fields.
De Giorgi and Ambrosio (see [2], [4], [15]) introduced the space SBV of functions
of special bounded variation, i.e. BV functions u whose distributional derivative
Du, which is a finite, Radon measure, may be decomposed into an absolutely
continuous part Vu £V with respect to the N-dimensional Lebesgue measure
LN and a singular part whose support is an (N — 1)-dimensional rectifiable set
S,. This is the “jump set” of w, in the sense that u has traces ut # v~ HN !
a.e. on the two sides of S,,. They showed that

F(u; £2) ::/QF(Vu)da:—i—ﬁ/Q\u—g\qda:—FvHN_l(SuﬂQ) (1.1)

admits a minimizer in SBV provided F' is a convex function growing superlin-
early at infinity and coercive. In the scalar-valued case, where u : {2 — R, De
Giorgi, Carriero and Leaci [16] proved that if F'(¢) = |£|? then

HN7H(Sy\ Su)N2) =0

for any minimizer u € SBV (£2;R) of F, and so the pair (S,,u) is a “classical”
minimizer of the original functional G. Note that, in general, if u € SBV then
the set S, is far from being closed, i.e. HN71((S, \ Su) N 2) > 0, and it may
be even dense in §2. The result of [16] has been extended to a quite broad class
of convex functions F' with growth p > 1 at infinity, and further regularity on
the set S, has been obtained (see [1], [5], [6], [11], [20]).

In the vectorial case u : 2 — R%, d > 2, Fonseca and Francfort (see [18])
showed that functionals of the type (1.1) appear naturally in the study of effec-
tive energies for fractured elastic materials.
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In this paper we show that local minimizers v € W'2(£2; R%) of the func-
tional

Foroe W o [ [LDuP + st da

are in C’IOO’Z(Q;R"Z) for all v € (0,1), where 2 C R? is open and bounded, f
grows linearly at infinity, and v(u) stands for the vector of all 2 x 2 minors of
Du. In turn, this regularity will entail that minimizers v € SBV (£2; RY) of

F(u, 2) ::/Q E|VU|2 +f(|1/(u)|)} dx-i-ﬁ/9|u—g|qu+’yHN_1(SuﬂQ)

are “classical” mimimizers in that u € W12(02\S,; R?) for every 0 < v < 1, and
HN=1((8,\S,)N2) = 0. In the case where d = 3 we may consider these energies
as associated to thin films or membranes (see [7], [12], [19], [23]). We remark
that f does not need to be convex. This regularity result was already obtained
for N = 2, v(u) = det Vu, and when f is convex (see [1]). As in that paper,
here we use an argument similar to the one introduced by Bauman, Phillips and
Owen [8], and used by Dougherty [17]; precisely, we obtain regularity of local
minimizers by means of the higher integrability of two auxilliary combinations
of the derivatives of u, A := (|Dyu|?> — |Dau|?)/2, B := Dyu A Dyu, which turn
out to be harmonic functions in the case where d = 2 (see Proposition 3.2).

2. Statements and Preliminary Results

If 2 C RY is open, we say that a function of bounded variation u € BV (§2; R%)
is a function of special bounded variation (see [2], [3], [4], [14], [15]]), v €
SBV(£2; RY), if, denoting by S, the complement of the set of Lebesgue points
of u, the distributional derivative Du is represented by

Du=Vul" +@u"—u)ovH 1S,

where Vu is the Radon-Nikodym derivative of the finite, Radon measure Du
with respect to the N-dimensional Lebesgue measure £V, v is the normal to
the rectifiable set S, uT and u~ are the traces of w on S, and HV~! denotes
the (N — 1)-dimensional Hausdorff measure.

In the sequel we consider {2 to be a bounded, open subset of R?, and we let
f:1]0,400) — [0,00) to be a C! function such that

(H1) f(t) < C(1 +1) for some C > 1;

(H2) there exist M € [0, +00) such that

lim f/(t) = M;

t——+o0

(H3) there exist a,, C' > 0 such that for all ¢ > 1

ro-19 < .
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It is not restrictive to assume that
O<axl

and in what follows we will work under this assumption. Also, in order to
simplify the notation the value of the constant C' may change from one line to
the next, and Bgr, R > 0, will denote a generic open ball of radius R, centered
at x € {2, and such that B C (2.

Given v € SBV (£2; R%) we define

v = (9.’131 8:132,

the 2-covector whose components are the 2 x 2 subdeterminants of Vu.
Consider the energies

G(K, u) ;z/ [%WUF + ()| de+8 [ Ju—gltde+yH (@O K),
IPAV ¢ N\K

Fu 2= [ S+ svn] e+ [ e gltao 85,09,

and

Fo(u; 2) 3:/

[ [51DuP + )] a

The following lemma may be found in [21] (Chap. 3, Lemma 2.1).

Lemma 2.1. Let ¢ : [0, +00) — [0, +00) be a nonnegative, nondecreasing func-

tion, such that

o) < H [(%) +¢| o(R) + KR

for all 0 < p < R < Ry and for some constants Hy K > 0 and 0 < 3 < . Then
there exist constants eg = €o(H,~,3),C = C(H,~,3) such that

s(0) < [ (2) a(m) + K]
for all 0 < p < R < Ry.

Definition 2.2. We say that v € W2(£2; RY) is a W1 2-local minimizer of
(0 02) = / F(Vo)de,  veW"2(2:RY
Q

if
I(u; Br(zo)) = min{I(v; Br(zo)) : v € u+ WH(Br(zo); Rd)}
for all balls Br(xg) C 12.

The main result of this paper is the following theorem.
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Theorem 2.3. If u € WY2(£2,R%) is a W'2-local minimizer of Fy then u €
XY for all v € (0,1).

loc

In the proof of Theorem 2.3 we will use classical arguments of regularity
theory within the framework of the Morrey spaces LP*; for a detailed study of
these methods we refer the reader to [21], [24].

Definition 2.4. Given A\ > 0 we say that f € LP*(£2;R) if there exists a
constant C' > 0 such that

| lpiz <o

B,

for alll z € 2 and 0 < p < diam §2. The function f is said to be in Lﬁ;i\(9§ R)
if f € LPA2;R) for all ' CC 0.

It can be shown that, with 2 C R?,
LPO(0) = LP(R2), LP2(N) = L>=(), LP(2) = {0} if X > 2,

and that LP*(£2) is a Banach space endowed with the norm

Hfummzz{ o \f\”dﬂc}
z€§2,0<p<diams? B(z,p)

Morrey proved that (see Theorem 3.5.2, [24])

=

Lemma 2.5. If u € W,2(2) and Du € leoi‘(Q) for some 0 < X\ < 2 then
ue COMA ().

loc

In light of Lemma 2.5, we will prove Theorem 2.3 by showing that if u is a
W12-local minimizer of Fy then for all 0 < \ < 2

A
/ |Du|?dz < C (ﬁ) / |Dul|? dz + Cp (2.1)
B, R Br
for all 0 < p < R with B CC {2.

As a corollary we obtain,

Corollary 2.6. Let u € SBV (£2;R?) be a minimizer for F. Then (Sy,u) is a
minimizer for G among all pairs (K,v) with K C £2 closed and v € W2(£2\
K;R%). Moreover,

H'((S,\ S,)NN)=0.

Following the argument introduced by De Giorgi, Carriero and Leaci [16],
and outlined in [1], the corollary holds provided we can show that W12 local
minimizers of
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1
veWh(B;RY) — {§|Du|2 + M|V(u)|} dx
B

satisfy an estimate of the type

1 1
/ [§|DU|Q+M|V(U>||] dx < C’p>‘/ |:§|DU|Z+M|V(U>|:| dr + Cp?,
By

B,

for some 0 < A < 2 and 0 < 0 <1 or, equivalently,

J

We conclude that the assertion of the corollary holds true provided we prove
(2.1).

The following lemma may be found in [21], Theorem 3.1, Chapter 3, page
87.

|Vul? de < C’p’\/ |Du|? dz + Cp*.

P B

Lemma 2.7. Let A < 2, let f € L>»(Bg;R?), and let v € W"2(Bg; R) satisfy
Av =div f in Bg.
Then Dv € LIQC;A(BR; R?), and for every p < R

C

PN
/B Do dr < (£) /B Do dz + CoM || |-

R

Lemma 2.8. Letp > 1 and 0 < A< 2. If f; ; € Lﬁ;i‘(!?) fori,j € {1,2} and
u € Li (£2) is a distributional solution of

loc
Au=7 Di;fi;

then u € LV (£2).

loc

Proof. Let Br CC {2 and for every i, j let v; ; be the solution of (see Theorem
9.15 and Lemma 9.17, [22])

Avij = fi;

vi.; € Wy'*(Br) N W2P(Bg),

w = E Di’jvi’j.

Then w € LP(Bg) and ||w||zr(Br)y < C Y ||fijllee(Bgr)- In addition, Aw =
>.D; ;fi;in D', so that the function

and we set

vVi=Uu—w

is harmonic, i.e. Av = 0. Hence
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1 1/p
sop o] < C0) (15 [ 1oPar)
R

Brj2

from which we deduce that for every p < R/2 (thus, for all 0 < p < R)
P2
/ lv|Pdx < C (—) / [v|P dz.
B R7 Jpg

/ lu|P de < C (Jv]P + |w|P) dx
B

P

P

We have

IA
Q
—~

2
/ [P dz+ C |w|? dx
BR BR

IA
Q
—~

) :
/ |ulP dx + C |w|? dx
Br Br

Dl = = T
N— N— N—

IA
Q
—~

2
/ lul? da + CR
Br

By Lemma 2.1 we deduce that for all 0 < p < R

A% A
Pdx < — Pd
/Bp\u| x_C(R) /BRM x+Cp

C
R

A
and so u € L7 (92). 0
We end this section with a list of algebraic inequalities, following an argu-

ment introduced [8] (see also [17]).
Let P,Q € R? and set

P2 QP

A: ,
2

B:=P-Q, v=PAQ.
Lemma 2.9. We have

i) 2VAZ+ B < | P2+ QP

i) 0 < |P]? +|Q|* — 2|v| < 2V/A? + B2;

iii) if v = 0 then |P|? + |Q|* = 2v/ A2 + B2;

w) if a, 3 € RN and v # 0 then

2

L (PAB+anQ) —(P-atQ-B)| <aVATB (o +151).

V|

Proof. Since

w2 = SOIPQs — PQi = 2 S IPQs — BQif? = |PPIQP — (P Q)%
2

1<j 2]
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we have
IPPIQ” = B* + |v]?,
and so
A2 = (PP + Q1) —4|PPP|QI* = (1P| +1QI*)* — 4(B* + [v]?),
and
4(A% + B?) = (IP] +|QI*)? — 4lv]*.

Clearly i) and iii) follow. In addition, we have that

(1P + Q) —4|v]* > 0

hence

0 <[P +|QI* = 2lv| < V(PP +1QF)? — 4Jv]* = 21/ A? + B2,

which yields assertion ii).
Now remark that if v # 0 then P # 0 and, setting

P-Q,
then also Q" # 0. Define the orthonormal vectors
P Q'
b=, Q1:= .
Pl Q|
We write
P=ph, Q=sPi+q
with
P.Q
p=|P|, q:=1Q, s:=-%5
| P|
Note that

v=pq Py ANQ1, v|=pq,
and that if v € RY then
(Pl/\Ql)'<P1/\U):’U'Q1, (Pl/\Ql)'<’U/\Q1):U'P1.
We have

ﬁy-(P/\ﬁ—i-a/\Q)—(P-a-i-Q'ﬁ)

=PiNQL) - pPiNB—sPiANa+qanQr)—(pPr-a+sP-B+qQ1-5)
=[(g=p)Pr—sQi]-a+[-sPi+(p—q Q] B
=v-a+v2- 3,

with
=(q—-p)PL—sQ1 and wvy:=—-sP + (p—q) Q1.
We have

o1 - a vz - B2 < (o1 + [va]?) (Jal* + [81%) = 2(1 PP +1QI = 2lv)(Jel* + [8]?),
which, together with ii), concludes the proof of iv). O
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3. Proof of the Regularity Theorem
In this section we assume that u € W12(£2; R?) is a local minimizer of Fy.

Proposition 3.1. If Du € L>)(2;R?%) for some 0 < A\ < 2 then Du €

loc
LYW (2:RY), where qo(N) == o + M1 — o/2).
Before proceeding with the proof of this result, we remark that using an
iterative scheme where

)\0 = 0, /\k—i—l = qo()\k)
then

k N
lim M\ = lim a (1——) _ 9,
k—+o00 k—+o00 2

1=

hence (2.1) will follow for all 0 < A < 2 and, as justified in Section 2, this suffices
to assert Theorem 2.3.

The proof of Proposition 3.1 uses higher integrability properties of the func-
tions
|D1uf® — [Daul?

5 ;

where D;u and Dsu stand for the column vectors in R? of the derivatives of u
with respect to x; and to x,, respectively.

A= B .= (Dl’LL) . (DQU),

Proposition 3.2. The functions A and B solve the system
AA = Di g — Diyg

AB = 2Dl,g,
where
g:=f(v()]) = [v@)] f(Jv(w)]).
In addition, if Du € Li;g‘(Q;de) for some 0 < X\ < 2 then /|A|+ |B| €
L2,2a—|—)\(1—a)(9. R)

loc

Proof. Consider @ := (p,9) € C}(2;R?), and let £ > 0 be small enough so
that with &.(z) := x + e®(z), then &, : 2 — (2 is a smooth diffeomorphism
satisfying

det D&, (z) = 1+ edivd(z) + wi(x, €),

det D (y) = 1 — ediv®(P " (y)) + wa(y, €),

where w;(-,€)/e — 0, as ¢ — 0, uniformly in 2. Set

uc(y) ==u (P (y)), ye.
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We have

/ |Du(y) 2y = / Du(I — D) 2(@= () dy + o(e)
(P (P
:/ |Du(I — eD®)|*(1 + ediv®) dz + o(¢)
(P

:/ |Du|2da:—|—5/ [|Dul? div® — 2DuD® - Du| dx + o(e),
9] 2

where the inner product of two d x 2 matrices £ and 7 is defines as £ - n =
trace(¢7 n).

On the other hand, since

v(ue(y)) = [det DO ()] v(u) (D7 (1)),

we also have that, setting (2. := {z € 2 : |ediv® — ws||v(u)| # 0},

/f e dy_/f (1 — edivd + wy)|p(u)]) det DB, dx

- /Q £ (Iv(w)]) + (=& divd + wo) v (w)] £/ (Jv(u)])] det DB, da

f((1=ediv® + wo)|v(u)|) — f(Jv(u)]) o
+/Q{ Cedvd t on)o(@)] £ (v (w)

(—edivd + wq)|v(u)|) det DD, dx
+/ F(lv(w)]) det D&, da
O\,

/ f(lv(u)|) det D&, dx

/Q( ediv® + wy)|v(u)| f'(|v(u)]) det DD, dz + ofe),

/f dw+€/ﬁ[f(|V(U)l)—IV(U)If'(IV(U)I)] div® dz + o(e),

because by Lebesgue’s dominated convergence, by (H1), and due to the bound-
edness of f/,
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(L= edive +wa)lp@)) = F(@D) _ e,
(e dv ® + o) ()] 7' ()]

. w2 .
lv(w)] ‘dlvsﬁ— ?‘ |1+ ediv® 4 wy| dx = 0.

lim
e—0 Qs

By the local minimality of u we have Fy(us) — Fo(u) > 0, from which the
Euler-Lagrange equation can be easily obtained,

1
/ [§|Du|2divq3 — DuDsP.Du} dx = / [v()|f' (Jv(w)]) — f(lv(w)])] divd de
2 2
for every @ = (p,1) € C3(£2; R?). This equation may be rewritten as

/ [A(D2yp — D1p) — B(D19) + Dayp)] dx = / —g9(D1yp + Davp) dz,
17 17

that is,
{ Di1A+ DyB = D1g
DQA — DlB = —Dgg,
and the first assertion follows. By (H3)

gl < C(1L+ [v(uw)['™)

and so, assuming that Du € L22(£2; R?%) we have that |v(u)] € LU (2;R) and

loc loc

Lo N0
gE loc ( )

We may now use Lemma 2.8 to obtain that

= A
A,Be L > (1),

loc

and by Holder inequality we conclude that

2.2a+ A (1—«a
VIAT+B] € L2t (0),

a
Finally, in order to prove Proposition 3.1 we introduce the following notation:

g(\) =20+ A1 — ),

20 :={x e 2: |v(u)| =0},

2 :={z e 2: [v(u)| >0},

Qg ={xeR:0<|v(u)| <K},

Qe ={reR: [v(u)] > K}.
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Proof of Proposition 3.1. Fix ¢ € W&’Q(Q;Rd) and assume that Du €
L2 (62; R24) for some 0 < A < 2. For £ € R set u.(z) := u(z) + (). Define

loc

P:=Diu, Q:=Dyu, «o:=D1¢p, [=Dsp, v:=v(u).

Since
v(us) =v(u) +ePAB+eahQ+e2aAp,
we have
fv(ue))de — | f(|v]) dz = 6/ P (PAB+aAQ)de
Q 2 | V|

+ |€|/Q F(O)|PAB+anQ|dr+ oe).

Local minimality of u entails

Folue; 92) — Fo(w; ) _

lim sup 0,

e—0— €
and so
/Du-qudas-i— f’(|y|)%‘-(P/\ﬁ+oz/\Q)dx§ FO)|PAB+anQ]dr.
0 2 2

We have

(M—i—l)/QDwD(;de—l—M/I {ﬁ-(P/\ﬂ—l—a/\Q)—(wa—i—C}ﬂ) dx

v

# L G =M (P A A Qs

<c [ |DullDé da:—l—wK/ \Dul|Dé| dx,
2 2
where

wi = sup |[M — f'(t)].

t>K
We recall that by (H2)

wg — 0 as k — 4o00.

By Lemma 2.9 iii), iv) we deduce that
(M—l—l)/ Du-ngda:-i—/ G- D¢ dz
Q Q

gO/ \/\A|+\B||D¢>|da:+w1</ |Dul| Dé| da
(% 9]

(3.1)
with
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14

Gr 3= xoynen (M = J' (WD) 1 Q
GW:X%mAfmw—Mﬁ%AP

and where y 4 stands for the characteristic function of the set A. By Lemma 2.9
ii), iii), and recalling that on {25 we have |v| < K, we have

|G| < C(K)(1++/|A|+ |B)), a.e. in £2, (3.2)

and by Proposition 3.2 we deduce that G € L*»9MN(£2; R%). Next, for a fixed
ball B CC {2 we compare u with the solution of the Dirichlet problem

(M +1)Av=divG in Bg

(3.3)
v—u e Wy(Bg;R).
By Lemma 2.7 Dv € le(;Z(A)(BR; R?) and for all 0 < p < R
2 p\1N) 2 a(n)
\Dvf2dz < C (E) D2 dz + C(K)pi™, (3.4)
B, Br

;From (3.1) and (3.3) we have for all ¢ € W,*(Bg; R%)
(M—l—l)/ (Du—Dv)-Dedx < C VIA| + |B||D¢|dx+wK/ |Du||Do|dz.
Br 2NBgr Br

Therefore, taking ¢ := u — v, and using the fact that Lemma 2.9 i) and (3.2)
yield

G| < C|Dul, / mWSO/ Dul?,
Br Br

we have

/ |Du — Dv|*dz < C (|A\+|B\)dw+CwK/ | Dul|? da.
Br

Bgr Br

Using (3.4) we now obtain

™
/ \Dul?dz < C {(ﬁ)q n wK} / |Dul? dz + C(K)RI™,
B, R B

R

and if K is large enough, so that wg is small, from Lemma 2.1 we conclude that
for all 0 < ' < q(\)

N ,
/ |Dul?da < C (ﬁ) / |Du|? da + Cp?, (3.4)
B, R Br

and thus (3.4) holds true for X = go(\). O
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