Curvature-dependent energies
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Abstract. We report our recent results from [1, 2] on the total curvature
of graphs of curves in high codimension Euclidean space. We introduce
the corresponding relaxed energy functional and provide an explicit rep-
resentation formula. In the case of continuous Cartesian curves, i.e. of
graphs ¢, of continuous functions v on an interval, the relaxed energy is
finite if and only if the curve ¢, has bounded variation and finite total
curvature. In this case, moreover, the total curvature does not depend
on the Cantor part of the derivative of u. We also deal with the “elas-
tic” case, corresponding to a superlinear dependence on the pointwise
curvature. Different phenomena w.r.t. the“plastic” case are observed.
A p-curvature functional is well-defined on continuous curves with fi-
nite relaxed energy, and the relaxed energy is given by the length plus
the p-curvature. We treat the wider class of graphs of one-dimensional
BV-functions.
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1. Introduction

Energies of the second order are frequent in mathematical physics, say in
the study of thin structures such as wires and plates. In the mathematical
literature, functionals depending on second order derivatives have recently
been applied e.g. in image restoration processes, in order to overcome some
drawbacks typical of approaches based on first order functionals, as the total
variation. One instance is the approach by Chan-Marquina-Mulet [5] who
proposed to consider regularizing terms given by second order functionals of
the type

/Q|Vu|dx+/Qw(|Vu|)h(Au)da:
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for scalar-valued functions u defined in two-dimensional domains, where the
function 1 satisfies suitable conditions at infinity in order to allow jumps.
The downscaled one-dimensional version of the above functional is given

b

y
b b
[lidas [Cogapapa,  pz1. wsior

and it has been thoroughly studied in [8], where Dal Maso-Fonseca-Leoni-
Morini proved an explicit formula for the relaxed energy, under suitable as-
sumptions on the function .
The prototypical example is the p-curvature energy functional, obtained
by choosing
1

1/Jp(t)¢:(1+tg)w, p=>1.

In this case, in fact, the above functional takes the form

b b .
. . i(t)|
Ep(u) == udt+/ 1+ u(t)? -k, ()P dt, kut::|,7.
)= [ lalde+ [ VTRRER - k(1) (1) = o

Therefore, in the smooth case, considering the Cartesian curve c,(t) :=
(t,u(t)), and replacing the first term with the integral of +/1+ 42, since
ky(t) is the curvature at the point ¢, (t), by the area formula one obtains an
intrinsic formulation on the graph curve ¢, as

Sp(u)ZE(Cu)+/ kP dH*, (1.2)

where L is the length.

Formula (1.2) can be taken in higher codimension N > 2 as the defi-
nition of our energy functional. In fact, the curvature of a smooth Cartesian
curve c,(t) = (t,ul(t),...,u’N(t)) is given at the point c¢,(t) by the formula

e A il (L [P — (e i)
PR (L+ [aP)°7

(1.3)

The relaxed energy. In the papers [1, 2] we have provided in high codimension
a complete explicit formula for the relaxed energy. More precisely, for any
p > 1 we define

Ep(u) := inf{liminf &, (up) | {up} € C*(I,RY), wp, »win L'} (1.4)
h—o0
for any summable function u € L*(I,R"Y), where I = [a,b]. We correspond-
ingly denote:
E(LRYY :={uec L"(I,RY) | E)(u) <0}, p>1. (1.5)

Any function w with finite relaxed energy (1.4) has bounded variation,
with distributional derivative decomposed as usual by Du = @ L' + Du +
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FIGURE 1. The curve ¢, (dashed) and the smooth approxi-
mation of cq (.
On the right: the graph (t,k.(t)) of the corresponding unit
tangent vector.

D7u, compare [3]. A crucial role is played here by the Gauss map 7, that is
defined a.e. in I by means of the approzimate gradient 1, namely
= ey = (1,4l aY). (1.6)
|Cu|
1.1. The plastic case

We first deal with the “plastic” case p = 1, and we see how the relaxed
formula of the curvature functional must in general contain an angle term
reminding of the regular version.

Ezample 1.1. Consider a curvature functional with “plastic” property:

F(e) ;:/ )] (A1 + Ao g(ke(®))dt, A, A €RY  (17)

-1
where ¢ : R — R is a non-negative Lipschitz-continuous function such that
¢(0) =0 and the limit

t
lim &

t—+oco ¢

g = (1.8)

exists and is finite. The recession g of g comes into play in case of occur-
rence of angles.

In fact, let 0 < a < m/4 and ¢, : [-1,1] — R? be the piecewise affine
curve with a turning angle of width 2« at the origin, given by

(¢,0) ift<0
ca(t) == (t,mat) i >0 Mg := tan(2a) .
V1I+mZ
This function is not of class C?, so the functional F is not defined on ¢. But
we now see that, in a relaxed sense,

F(ca) =M - L(ca) + A2 -2a- g
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In fact, outside the origin the curvature of ¢, is zero, and we can approx-
imate ¢, near the origin by small regular arcs, as e.g. cqe: [—7/2,—7/2+
2a] — R? defined by

Cae(t) ;=€ (—sina + cosacost,cosa + cosasint).

We thus have |¢q c(t)| = € cosa and det [¢4.c(t)]|Ca.c(t)] = €2 cos? a, so that

/R | det[¢a.e(t)|Ca.s ()]
o (D] g (=
—/2 e (t)]
and hence F(cae) = M- L(ca) + A2 2a- g™ as e — 0.

In Figure 1 we have divided the graph curve (c(t),k.(t)) by drawing
on the left side the image of ¢(t) and on the right the graph (¢,k.(¢)) of the
unit tangent vector.

) dt =2accosag((ecosa)™?)

Remark 1.2. Take a sequence {up} of smooth functions, and assume that
their graphs ¢, converge weakly as currents to a rectifiable (not necessarily
Cartesian) curve c; for each h the tantrix 7,, has positive first component
Tgh, so also for the limit curve ¢ the tantrix has non-negative first component,
i.e. it takes values into the half-sphere

SﬁI:{y:(yo,yh,,,’yN)ERéV—i_lZ|y|:1,y020}.
We thus correspondingly define
Syt i={yeSY |y =0}. (1.9)

Total curvature. We recall that the total curvature TC(c) of a curve ¢ has
been defined by Milnor [11] as the supremum of the total curvature (i.e. the
sum of the turning angles) of the polygons inscribed in ¢. A curve with finite
total curvature is rectifiable, and hence it admits a Lipschitz parameteriza-
tion. Therefore, it is well defined the tantriz (or tangent indicatrix), that
assigns to a.e. point the oriented unit tangent vector t.. Moreover, the total
curvature agrees with the essential total variation of the tantrix.

For smooth Cartesian curves ¢, the tantrix t., agrees with the Gauss
map T,, whence the total curvature TC(c,) is equal to the total variation
of 7,. Therefore, for C2-functions « one has

Tqm:/kwwz/mw.
Cy I

Actually, in the relaxation process the role of the tantrix is played by the
Gauss map (1.6).

Ezample 1.3. Let ¢y, : [—1,1] — R? be the piecewise affine Cartesian curve
Cuy, () = (t,un(t)), where
0 if t<—m/h
up(t) ;=< ht+7n if —w/h<t<m/h h € Nt large, (1.10)
27 if t>m/h

so that c¢,, has two corners with two turning angles both of width arctanh
at the points (—m/h,0) and (7/h,27). With the same notation as in Exam-
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FIGURE 2. The curve ¢ (dashed) and the smooth approxi-
mation of ¢, .
On the right: the corresponding curves in the (¢, 7)-space.

ple 1.1, and in the same relaxed sense since uy, ¢ C?,

1
Fleu,) ::/ |Cuy, ()] (A1 + A2 g(ku, (2))) dt = A1-L(cu, ) +A2-2arctanh-g>
-1

so that F(cy,) = M- (2+27)+ X2 -2 g - g% as h — oo. Although the
functions wy converge to a jump function w, the graphs ¢,, converge to a
curve ¢ which closes the jump of uw with a vertical segment of length 2,
see Figure 2, and we get in a further relaxed sense

F(c) =M -L(c)+ Aa- g™ -TC(c).

Gauss graphs. We make use of some features from the theory of Gauss graphs
re-written in the context of Cartesian curves. Some ideas are therefore taken
from [4], see also [6].

We thus recall that for a smooth rectifiable 1-1 curve with support
C C RY*1 the Gauss graph can be viewed as the graph in RY*! x SV of
the unit tangent vector te(z) € SV C R]y\/“ at x €C, ie.,

Mc = {(z,tc(z)) |z € C},

and an i.m. rectifiable current is naturally associated to Mc. In the sequel
we shall then denote by (eg,e1,...,en) and (go,€1,...,6n) the canonical
basis in RY*! and RZ]IV *1, respectively.

Assume that ¢, is a smooth Cartesian curve defined as the graph of a
C%-function u: I — RN so that C = {(t,u(t)) |t € I} and tc(x) = 7,(¢) if
x = ¢, (t). We thus introduce the map ®, : I — U x SV

D, (t) := (cult), 7u(t)), tel
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where

cult) = (tu(t)) =teg+ > _ul(t)e;,
= (1.11)

Tu(t) = ( + u’ ) .

“ W 5 Z

Therefore, the Gauss graph associated to ¢, is 1dent1ﬁed by
ggu = {(I)u(t) | te 1}7 ggu C U X SN

Moreover, the set GG, is the support of the curve ®,, it is 1-rectifiable and
naturally oriented by the unit vector

b, (t)
Eu(t) := — . (1.12)
D (t)]
Denoting by e the scalar product in R, we compute for each ¢ € I
N . .
—(u e ) i (1 + |1)?) — o/ (1 e i)
‘e”Z“ SN T D P S
(1.13)
In any codimension N we thus have
: . 2 . - . .
|(I)u(t)| = |cu(t)| 1 + ku(t) ’ |Cu(t)| = 1 + |U'(t)|2 ) |Cu|ku = |Tu| .
(1.14)

where the curvature k, of the Cartesian curve ¢, is given by (1.3).
Notice that 271/2(1 + k) < /14 k2 < (1 + k). This gives that

27206, (1 + ky) < | Do < Jéu| (14 k). (1.15)

In particular ®,, is summable in I if and only if both the functions || and
|éu| Ky are summable. We thus have for every u € C?(I,RY)

|®,| € LI(I) = E1(u) < o00.

Ezxample 1.4. The length of the Gauss graph is some sort of an average be-
tween the length and the total curvature. Let e.g. N =2 and wy, : [0,27/h] —
R? be given by wup(t) = R(cos(ht),sin(ht)), so that the curve c,, parame-
terizes one turn of the helix of radius R > 0 and step 27/h. The tantrix 7,
describes a circle in S% of radius R(h) = Rh/v/1 + R?h? that converges to
one as h — oo. Moreover, the limit curve cg is a circle of radius R and total
curvature 2. In fact, we have 4 e i, = 0 and

21,4 21,2 2 4\ 1,4
m\/1+ R°h :\/1+2Rh + (R*+ R*)h

(1+ R2h2)? 1+ R2h?

for every t € [0,27/h], so that the limit
27 /h

lim | @y, (t)| dt = 27/1 + R?

h—oo Jq
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is equal to the length of the Gauss graph of the curve cg. Since moreover
|éu, | ku, = Rh?/v/1+ R2h2, then the limit of the total curvature functional
gives
27 /h
lim TC(c,,) = lim |Cuy, | Koy, dt = 2

h—o0 h—oo Jq

i.e. the total curvature of the limit curve cg.

The codimension one case. In codimension N = 1, the relaxed functional
(1.4) has been studied in [8], where the authors introduce the class X (I)
of real valued functions v in BV(I) = BV(I,R) satisfying the following
properties:
(a) the function ¢+ arctan(u(t)) belongs to BV (I);
(b) the positive and negative parts (D“u)* of the Cantor-type component
are respectively concentrated on the sets

z*a) = {te I lim i/t+eu(s)ds=ioo}.

e—0t 2 J,_.

The class X (I) trivially contains the Sobolev space W*!(I). Therefore,
a function u € SBV(I) with a finite Jump set, H°(J,) < oo, belongs to
X(I) if it is a pure Jump-function, i.e. & = 0 a.e., or more generally if
arctan(u) € BV (I). However, in [8] it is shown the existence of functions
in X (I) with non-trivial Cantor component, D%u # 0.

In [8] it is proved that & (I,R) C X (I). Moreover, the explicit repre-
sentation of the relaxed functional is given for u € X (I) by

E1(u) = |Dey|(I) + G(u), (1.16)
where the second term is:
G(u) := |Darctan(a)|(I \ Ju) + Z D (v, (1), 0t ), u(ts)) - (1.17)
ted,

For Sobolev functions u € W21(I,R), the functional G(u) agrees with the
total curvature functional

/Cu k., dH' = /[ % dt, cu(t) = (tu(?)) .

In general, the second addendum in the definition of G(u) depends on the
sign v, (t) of the jump [u(t)] := u(t+) — u(t—) and on the left and right
limits of % at the Jump point of u

Such limits always exist in R at all points ¢ € I provided that v € X (I). In
fact, compare [8], we have @ = tanv, where v is a good representative of the
BV-function arctand. The general definition of ®(v,(t),@(t-),u(t+)) from
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[8], for the case of the curvature functional as in our context, agrees with the
sum of the two turning angles
(1, a(t+)) @ (0, vu(t))

(1, a(ts))]
provided that «(t+) € R, and with the obvious extensions if |u(t+)| = oo,
yielding to the corresponding terms 0 or 7 according to the sign of the product
Wty ) vu(t).

Finally, notice that if uw € X(I), so that v := arctant € BV(I), setting
7w = (1,4)/V/1+ 42, then 7, = (cosv,sinv), whence 7, € BV(I,R?), and
by the chain-rule formula one has |D7,|(A) = |Dv|(A) for each Borel set
AcCl

arccos( ) , tedy,

BV-property of the Gauss map. Let now u € & (I,RY) and let ®,(t) :=
(cu(t), T (t)) be defined a.e. as in the smooth case, see (1.11), but in terms
of the approximate gradient @ of the BV-function u. We already know that
¢y € BV(I,U). In [1] we proved in any codimension that also the Gauss map
Tu: I — Sﬂ 18 a function with bounded variation.

Theorem 1.5. Let N > 1 and u € & (I,RY). Let {up} € C*(I,RY) such
that up, — u in L' and supy, & (up) < co. Then we have:

1. the function t — ®,(t) belongs to BV (I,U x SV) ;

2. possibly passing to a subsequence {®,, } converges weakly in the BV -
sense to the function ®,(t);
by lower semicontinuity, |D®,|(I) < liminfy [, D, (t)| dt ;
4. possibly passing to a subsequence Up — u a.e. in I.

©w

Notice that property iv) is false if {u} C C?(I,RY) weakly converges
only in the BV-sense, i.e., when the bound supy, [} |7, ()] dt < oo on the
total curvature of the Cartesian curves c¢,, is not satisfied. Taking e.g. N =
1, I = [0,27], and wuy(t) := sin(ht)/h, the sequence {up} converges both
weakly in the BV-sense and uniformly to the null function v = 0, but we
have fo% |Tu, (t)| dt = h -7, and it is false that up(t) = cos(ht) — 0 for a.e.
t € [0, 27].

A geometric formula. In the case of continuous functions, by exploiting the
geometric structure of the energy we obtained the following.

Theorem 1.6. Let u € L'(I,RN) be a continuous function. Then u has finite
relazed energy if and only if the Cartesian curve ¢, has finite length and total
curvature. In this case, moreover, the total variation |DT,|(I) agrees with the
total curvature TC(c,) of the Cartesian curve ¢, . Finally, we have:

E1(u) = L(C,) + TC(cy) . (1.18)
More generally, we denote by ¢, the oriented curve obtained by con-

necting the jumps in the graph of u with oriented line segments from ¢, (t_)
to ¢, (t4+) at each point t € J,, so that its length is £(¢,) = |Dey|(I). This
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time we deduce that a function u € L*(I,RY) has finite relaxed energy if
and only if the curve ¢, has finite length and total curvature, i.e.

u€E(LRY) <= L(¢,)+ TC(E,) < co.
Finally, for every function u € & (I,RY) we have:

E1(u) = L(Cy) + TC(Cy) - (1.19)

1.2. The elastic case

In [2] we analyzed the “elastic” case p > 1, where different phenomena ap-
pear, as we now briefly illustrate.

The superlinear growth of the curvature term implies that in the relax-
ation process the energy does not remain bounded if the curvature radius
goes to zero at some point, see Example 4.2, as it instead happens in the
plastic case. In codimension N = 1, one then obtains that a Cartesian curve
with finite relaxed energy cannot have creases or edges, compare [8].

However, in the higher codimension case, corner points (only of a special
type, say “vertical”) are allowed. This phenomenon is illustrated in Exam-
ple 4.4. Roughly speaking, there is sufficient freedom in the “vertical” direc-
tions in order that a sequence of smooth Cartesian curves approaches a curve
with a corner point, by producing a “twist” in order to keep the curvature
radius greater than some positive threshold, depending on p > 1.

Finding the optimal twist at some corner point seems to be a great
challenge. This is due to the difficulties in solving the Euler equation satisfied
by energy minimizing loops.

Notwithstanding, differently to the case p = 1, the set of corner points
is always finite. This follows from the fact that the contribution of the relaxed
energy at any corner point is at least 7/2, as soon as the exponent p > 1,
compare Theorem 4.5.

The Gauss map. If u € £,(I,RY) for some p > 1, then the Gauss map 7,
has no Cantor part, i.e. D7, = 0, hence it is a special function of bounded
variation. Therefore, for continuous functions « with finite relaxed p-energy
and no corner points, actually 7, is a Sobolev function in lel(l , SV ).
This fact is false in general in the plastic case p = 1, even in codimension
N = 1. In fact, if I =10,1] and wu(t) := fg’v(s) ds, where v : I — R is the
classical Cantor-Vitali function associated to the “middle thirds” Cantor set,
one has u € C*(I,R), the Gauss map 7, € BV(I,S!) is continuous, whence
Js, =0, but D7, # 0, as D7, = f(v) Dv with f(t) = (1,)/V1+ 2,

whereas 7, = f(v) 0 = 0. We get:

E1(u) = LYcy) + TCley) <00, LYcy
TC(cu) = D 7ul(1) =

whereas £,(u) = +oo for every p > 1.
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The p-curvature functional. We define the p-curvature functional of smooth
Cartesian curves as

TCp(cy) := / kP dH', p>1. (1.20)
Coy
Actually, using that |é,|ky, = |7, by the area formula we get
TC,(er) = /|eu|1—P P dt, p>1. (121)
I

We wish to extend our definition to the non-smooth case of continuous
functions w with finite relaxed energy and with no corner points. In fact, it
turns out that the arc-length parameterization I, 3 s — 7(s) of the curve
¢y is a Sobolev function in W2?  where I, := [0,L] and L = L(c,). We
can thus define the p-curvature functional by means of (1.20), where the
curvature of ¢, at the point 7(s) is given a.e. by

ke, (1(s)) = DO ATE] g

ROk
In fact, formula (1.21) continues to hold, and actually the p-curvature func-

tional agrees with the integral of the p-power of the second derivative of the
arc length parameterization:

TC, (ca) :/1 5(s)[P ds < 00

Explicit formula. For continuous functions with finite relaxed energy and no
corner points, we have

Ep(u) = L(cy) + TCplcy) (1.22)

The above expression extends to the wider class of continuous functions with
finite relaxed energy. In fact, using that the set Jy of corner points is finite
we introduce the generalized p-curvature functional by setting

TC,(cy) = / el P [l dt+ 37 E2(17).
tedy

In the above formula, roughly speaking, the energy contribution 519(I‘f ) is
the integral of the p-power of the curvature of the optimal “vertical” curve
that allows to smoothly connect the two edges on the graph of u at the
corner ¢, (t), i.e., the optimal twist that we previously described.

The above results are presented with some more detail in the following

sections.

2. Gauss graphs of Cartesian curves

We formalize what we learned from the previous examples.
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Cartesian currents. Returning to Example 1.3, we denote by G,, the 1-
current in (—1,1) x R carried by the graph of wy, see (1.10), i.e. Gy, =
Cup#[—1,1]. It is easy to check that G, weakly converges to the Cartesian
current T := c4[0,2(1 4 m)], compare [10], given by the integration of 1-
forms in D!((—1,1) xR) over the (oriented) limit curve ¢ : [0,2(1+7)] — R?
(s—1,0) if0<s<1
e(s):=¢ (0,s—1) ifl<s<l+2n (2.1)
(s—2r—1,27) if 1+2r<s<2(1+m).
The above computation suggests to extend the functional F in (1.7) to the
corresponding class of 1-dimensional Cartesian currents in such a way that

F(Gu) = F(cy) for currents G, carried by the graph of smooth functions,
and in our example

F(T) =X -M(T)+ Ay - 2- g g®,  M(T)=L(c)=2(1+m). (22)
This will be shown in Example 3.5 below.

Ezample 2.1. Let I = [—m,3n] and consider the sequence of functions from
I into S' C R?

| (cosht,sinht) if ¢t e [0,27/h]
un(t) = { (1,0) elsewhere

so that we have

2
/|1lh,(t)|dt:27r, c<cuh>=/l<':uh<t>ldt:2” (2‘%@)'
I I

Moreover up — uo, weakly in the BV -sense, where uoo(t) = (1,0), but the
degree satisfies

degup,=1 Vh, deg uso =0
and the following gaps hold:

/ [too(t)|dt =0 < 27 = lim [ |ap(t)|dt,
I h—oo Jr
L(cy,) =41 < 6r= lim L(cy,),
h—o0

whence the weak BV convergence fails to preserve the geometry and to read
the energy concentration.

On the other hand, the graphs G, weakly converge to the Cartesian
current T = G + T%, where Gy, = [—7,37] X (1,0) and the singular
term T = §p x [S'] is a vertical 1-cycle. The total variation and degree can
be defined on T in such a way that

total variation T' = 27, deg T =1, M(T) = 67

Therefore, one recovers concentration and loss of geometry from the limit of
graphs.
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Cartesian Gauss graphs. If « : I — RY is a C?-function, recalling that
U=1x RY, we may associate to the Gauss graph of the Cartesian curve c,
a one-dimensional current GG,, € D1 (U xS") defined by integrating 1-forms
on the set GG, which is naturally oriented by the unit vector £, defined in
(1.12). Then we have

(GGy,w / w—/ (w, &y dH ™, weDYU x SN)
GGy GGy

and by the Remark 1.2 it turns out that spt GG, C U x Sf.
Moreover, if |®,| € L*(I), by means of the area formula we compute

(GG, w) = / (W, D) [Py | "L dH = /(w(fbu(t)), Do (t)) dt .
GGu I
Therefore, it turns out that GG, = [ GGy, 1, &, ] is an i.m. rectifiable current
in Ry (U x SV) with null interior boundary, GG, = 0, and finite mass:

M(Gau):Hl(ggu)z/|<i>u(t)|dt<oo, (D] = |éu] /T R2.
I

By (1.15), for smooth functions u : I — RY we have
27128 (1) < M(GG,) < & (u) (2.3)

and hence, u has finite energy &1 if and only if the corresponding current
GG, has finite mass.

The Gauss graph of Cartesian curves. We wish to extend the previous nota-
tion to the wider class of functions u in &;(I,R"Y). Our definition relies on
the fact that the Gauss map 7, : I — SV is a function of bounded variation,
Theorem 1.5.

Recalling that U := I xRN , we define a rectifiable 1-current GG, in
U x SV carried by the “Gauss graph” of u that has three components

GG, = GG* + GG + GG!

the absolute continuous, Cantor, and Jump ones, respectively. It turns out
that GG =0 if u has a continuous representative, and that also GGS = 0
if w € WHH(I,RY). The component GG¢ is well-defined in terms of the
approximate gradient of the BV-function ®,,.

If uw€ &(I,RY), by Theorem 1.5 it turns out that the approzimate
gradient function t — ®,(t) is well-defined a.e. in I as in (1.13), where this
time i denotes the approximate gradient of @, and &, € L'(I,TU x ]R]y\”'l).
Moreover, taking good representatives of each component, the right and left
limits @, (t+) exist at each point ¢ € I, with @, (t+) = (, u(ts), Tu(t)),

where 7, = (70,7} N

O R Al B

The absolute continuous component. As in the smooth case, since ®, is
summable, see Theorem 1.5, we define the current GG% € D1 (U x SV) by
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setting for each w € D1(U x SV)
(GG, w) = /I<w(¢>u(t)),<i>u(t))dt. (2.4)

To our purposes, we compute (IGG2, f) for any f € C®(U xSV). B
the definition of boundary current we obtain:

(GG, f) == (GG df) = /<f<< t) d) / Vi(®) e b, dt.

Moreover, the composition function f o ®, belongs to BV(I), and since
f € C*(U x SN) by the definition of distributional derivative we deduce

that
/D fod,)=0.

Also, choosing @, (t) = ®,(t4) as a precise representative, by the chain-rule
formula we get

D(fo®,) = Vf(Py)ed, dt+Vf(Dyus)eD @+ (f(Pyy)—f(Pu_)) HOL Jo, -
Therefore, we obtain that for each f € C®°(U x SV)
06Gs. 1) = = [ VI@u2)edD B~ 3 (F(@u(t) - F(@ul1))). (25)
1 teJao,
The Cantor component. We have DC®, e ey =0, DD, o e; = D%/, and
D®,ec0 =D,  DY®,ec;=D7i

for 7 =1,..., N. We define the Cantor component GGS € D1(U x SV) ex-
tending by linearity the action on basic forms. Denote by (da?, dz?, ..., dz')
and (dy®,dy',...,dy") the canonical dual bases of 1-forms in RY*! and
RZ]IV‘H, respectively. For any g € C°(U x SV) we set:

1 (GG, g(x,y)dz°) := 0

2. (GG, g(x,y) dad) :=/g(<I>u+)dDCuj, j=1,...N
3. (GGT,g(x,y)dy’) = | g(®uy)dD 7]

4. (GG g(x,y) dy’) ==
Therefore, for each f € C(U x SV) we clearly obtain

c

T— 5

g(®,4)dD7  j=1,... N.

O6GE. ) 1= (GGS.df) = [ Vf(@,0) 0 dDC . (2.6)
I

The Jump component. For each Jump point ¢ € J,, we denote by ~:(u) the
oriented line segment in U = I x RY with initial point c¢,(t_) and final
point ¢, (t+). Since () is oriented by the unit vector

(D] \ g IR N
(O’I[u(t)]|)eg+’ [u(®)] == (ut(t) —u—(t)) € R™ \ {0},
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we correspondingly denote by J;(u) the oriented rectifiable arc in U x Sﬂ

given by (o)
) = (10 (% )
and we set
(GG w)y =Y w, weD'(UxSY). (2.7)
teJy e (u)

In particular, for each f € C°(U x SV¥) we obtain

OGGI, f) = (GGl dfy = 3 / af = S (FPL ()= F(P-(1)), (28)

teJy teJy

where we have set

Po(t) == (t,u(ti),O, [u(t)] ) te . (2.9)

In conclusion, by the formulas (2.5), (2.6), and (2.8), we deduce that for
any f € C®(U x SN)

(0GGu, f) = (GG, df) +(GGY. df) + (GG, df)

S (F(Pe(t) — F(P-(1) (2.10)
tedy,

S e, (F@u(t) = F(@u(t2)).

Closing the Gauss graph. There is a natural way to find a “vertical” current
S. € D1(U x SY) such that the current

Sy = GGy + S, (2.11)

is i.m. rectifiable in R1(U x SV) and has no interior boundary. Moreover, in
the case N =1 it turns out that the mass of ¥, essentially agrees with the
relaxed energy £;(u) as it is computed in [8].

The current S, lives upon the Jump points ¢t in Jg, = J, U Jy. It is
given by two terms:

Su =8+ S

a “Jump-corner” component S:/¢ that is concentrated upon the discontinuity
points in J,, and a “corner” component S¢ that is concentrated upon the
discontinuity points of the approximate gradient @ where u is continuous,
the so called “corner” pointsin J;\J,. Roughly speaking, the first component
takes into account of the turning angles that appear when the “graph” of u
meets a vertical part of the Cartesian current T,,, possibly giving rise to two
corners at the points (¢, u+(t)), where one side of each corner is “vertical”,
since it follows the jump. The second component deals with the turning angles
where u is continuous but @ has a jump point.

In Figures 3 and 4 we illustrate an example in codimension N = 2
with occurrence of a jump-corner term. This is due to a jump point of both
the graph function c¢,(t) = (¢,u(t)) and of its derivative. A crucial role is
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—_ % \\Z
J
1
ey =

F1GURE 3. The codimension-two “curve” on the left has a
jump-corner point at ¢ = 0, with incoming, jump, and out-
going directions given by I, J, and O, respectively.

On the right: a codimension-two smooth approximating
Cartesian curve.

0,1) (0,0,1)

J

(1,0) (0,1,0)

FIGURE 4. On the left: we revise the codimension-one curve
in Example 1.3, drawing the image of the tantrix of the
smooth approximation of ¢,,. It corresponds to the -
projection of the curve on the right-hand side of Figure 2.
On the right: the image on the 2-sphere of the tantrix of
the codimension-two smooth approximating Cartesian curve
from Figure 3.

played by the incoming, jump, and outgoing directions, denoted by I, J, and
O. The jump direction is determined by the last N + 1 components in the
formula (2.9). The incoming and outgoing directions are determined by the
last N + 1 components of ®,(t_) and ®,(t+), respectively, i.e. by the left
and right limits 7,(t+) of the Gauss map.

A similar example with a corner term is readily obtained by gluing
together the two line segments of the graph c¢,(t). In this case, only the
incoming and outgoing directions 7, (f+) come into play.

The Jump-corner component. For each point t € J,, we denote by I‘ti (u)
an oriented geodesic arc in {c,(t+)} x SY with initial point Py (), see (2.9),
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and final point @, (¢4 ), and we set
(§1e,wy =" / / w) . weD'(UxSY). (212
teJy rf ry(w)

Therefore, for each f € C(U x SV) we compute

(@80, f) = (5%, df) = Y (F(@ults) = F (P () = f(Pult-)) + f(P-(t))) -
ted,
(2.13)
The corner component. Instead, for each point t € J, \ Ju, we denote by
I';(u) an oriented geodesic arc in {c,(t)} x SY with initial point ®,(¢-)
and final point @, (¢4 ), and we set

(scw)y = Y / W,  weD'(UxSY).
teJo\Ju T (u)

This time for each f € C°(U x SV) we get

(OSe. f) = (S5 df) = Y (F(@ults)) — F(Dult))). (2.14)

teJu\Ju

Properties. The current ¥, € D;(U x SV) is supported in U x S¥, and
the null-boundary condition 9%, = 0 holds. In fact, by (2.10), (2.13), and
(2.14), we check

(024, ) = (0GGy, f) + <8S{L]C,f) +(0S., f)=0 VfelCxU x SN).
Also, the mass of X, decomposes as
M(Z,) = M(GG?) + M(GGY) + M(GGY) + M(S/¢) + M(5¢). (2.15)

More explicitly, the mass of the absolute continuous component is

M(GG?) /|c1> O]dt, | Pu| = |cu| VI+E2.

As to the Cantor component, we have M(GGY) = |DY®,,|(I), and hence

2712(IDu|(1) + |Dm|(1)) < M(GGY) < [D%ul(I) + | D 7u|(1).
Moreover, for the other three components we compute

MGG = > H@Gw) =) e = [D7ul(D)

M(SL) = Y, (MM () + AT () (2.16)

c _ 1
M(Sy) = ZteJﬂ\JU H(Te(w)) -

Finally, and most importantly, it turns out that X, is an i.m. rectifiable
current in R1(U x SV), actually an integral 1-cycle in U x S™.
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3. The plastic case

On account of the bound (2.3), the object of our analysis is the subclass of
I-currents in D1 (U x SV) that are weak limits (in the sense of currents) of
sequences {GG,,} of Gauss graphs of smooth Cartesian curves with equi-
bounded masses.

We thus introduce the class Geart(U x SV), defined by

Geart(U x SV) :=
{2 eDi(U xSN) | IH{un} € C*(I,RY) such that (3.1)
GGy, — ¥ in Dy (U x SV), sup, M(GG,,) < oo} .

In the following structure theorem, we shall denote by II, and II,

the canonical projections of RY+! x R]yv *1 onto the first and second factor,
respectively.

Theorem 3.1. Let ¥ € Geart(U x SY) and let {un} € C*(I,RY) satisfy
sup, M(GG,,) < oo and GGy, — ¥ weakly in D1(U x SN). Then we have:
1. the current ¥ is i.m. rectifiable in Ri(U x SV), with finite mass

M%) < lihm inf M(GG,,,) < oo
— 00

and it satisfies the null-boundary condition 9% =0;

2. the sequence {up} weakly converges in the BV-sense to some function
u € BV(I,RY), and actually u € & (I,RN);

3. the projection T' = T'(X) := 4% is a Cartesian current in cart(l x
RN, with underlying function ur equal to u, compare [10] ;

4. the function t + ®,(t) belongs to BV (I,U xS") and it is equal to the
weak BV-limit of the sequence {®,, } ;

5. the current X decomposes as

T =GG+GGS + % (3.2)

where GG and GGS are the absolute continuous and the Cantor
component of the current GG, defined w.r.t. the limit function wu ;

6. the component ¥ has support contained in U x Sf, and it satisfies the
verticality condition

(2, 9(z,y)da) =0 Vge XU xSV)
and the boundary condition
0% =Y (6a,(ty) — O@._y) on CZ(U xSN);
teJs,,
7. the following decomposition in mass holds:

=S+ Y Tux, ME)=ME)+ Y MI.y),

t€Js, t€Js,

where the current 3 € R1(UxSN) satisfies the null-boundary condition
0¥ =0, and I'y 5y is for each t € Jgp, an a-cyclic i.m. rectifiable current
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in R1(U x SN), supported in {t} x RN x Si\_’, and with boundary
Oy =00, (1) — @, (t_) - (3.3)

Ezample 3.2. We explicitly compute all the current ¥ in a simple case.
Referring to Example 1.3, we let ¥ denote the weak limit of the sequence of
Gauss graphs {GG,, } corresponding to a “smoothing” vp, : [-1,1] = R of
the sequence {uy} from (1.10) at the corner points (—m/h,0) and (7 /h, 27).
The smoothing can be performed as in Example 1.1. By a diagonal argument,
we may choose the smooth sequence {vy} in an optimal way, so that the total
curvature of the Cartesian curve ¢,, is equal to 2 arctanh for each h, and
vy, agrees with w, outside two small intervals centered at the points +7/h,
in such a way that ||vy — up|lec — 0 as h — oco.

The limit curve ¢ has length L = 2(1 4 7) and arc-length parameteri-
zation given by (2.1), whence

(1,0) f0<s<1
¢(s): =< (0,1) if l<s<l+2rm
(1,0) if 1427 <s<2(1+7).

Therefore, denoting Iy, := [0, L], the image current (c,¢)x[IL] agrees with
the Gauss graph current GG,, where u : [-1,1] — R is the weak limit
BV-function

0 ift<O
ult) = { o if £>0. (34)
More precisely, we have GG, = GG¢ + GGY + GG, where the absolute
continuous component is given by (2.4) with I =[—1,1] and

[ (4,0,1,0) ift<0
‘I’“(t)_{ (t.27,1,0) if >0

ie. GGY = ®,4[I]; the Cantor component is zero, GGS = 0, and the
Jump component GG, according to (2.7), agrees with the integration on
the oriented line segment in {0} x R x S! with initial point (0,0,0,1) and
final point (0,27,0,1). In particular, since Jp, = J, = {0}, in accordance

with (2.10) and (2.9) we have
(e, )4 1L] = GGy = = (02, (0,) = Sw,0)) + (Op,(0) = IP_(0))
on C(U x St), where

(I)u(0+):(0’27r71a0)7 (I)u(of):(o’ovlao)v
P (0) = (0,27,0,1), P_(0)=(0,0,0,1).

Moreover, by our optimal choice of the sequence {vp}, it turns out that
the weak limit current ¥ of the sequence {GG,,} agrees with the current
Y. This means that ¥ = ¥, = GG, +S5/¢+ 5S¢, where the corner component

S¢ = 0, since there are no points in J; \ J,,, and the Jump-corner component
SJ¢ according to (2.12), is given by

Sa¢ =T (w] - [T5 (W], (3-5)
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where T'E (u) is the oriented geodesic arc in {c,(04+)} x S% with initial point
P4 (0) and final point ®,(04). We thus have
M(Z,) = M(GGY) + M(GGy) + M(S;),

where

M(GG?) =2, M(GG)) = |Du|(I) =27, M(S)s)=2- g (3.6)
Geometry of Gauss graphs. A current Y in Geart(U x SV) preserves the
geometry of Gauss graphs: indeed, for a regular Gauss graph (c,,7,) the
second component 7, is a normalization of the tangent vector to the first
component. Now, when the first component of the tangent vector to ¥ at a
point z = (z,y) € U x SY is non zero, then it has to be parallel (and with
the same verse) to the second component y of the point z, see (3.7) below.

More precisely, there is a Llpschltz continuous function ¥ € Llp(I U x

S¥) defined on some closed interval I such that the image current \I!#[[I ]
agrees with 3. We thus get:

Theorem 3.3. For a.e. s € I such that [IL,(¥(s))| # 0, we have
1L (¥(5))
T (W ()

The energy functional on currents. In order to define the energy functional
on the class Geart(U x SV), we remark that all these currents are of the type

S=[M,0,¢], ie

=1I,(¥(s)) € SY . (3.7)

<S,w>:/M<w,§)9dH1 Ywe DHU x SN,

where M is a countably 1-rectifiable set, £ is the orienting unit vector and
0 is the integer-valued non-negative multiplicity function, so that M(S) =
Jag 0dH!. The unit vector ¢ in RYT' x RY*! orienting M at H'L M-
a.e. point can be decomposed as & = (£(*), W), where £(*) := II,(¢) and
W) = IT, (¢).

Definition 3.4. For any current S = [M,0,£] we let

ﬁﬁ:Aﬁw@wawﬂ

The following properties hold:

1. (SMOOTH MAPS) If S = GG, for some smooth function u € C?(I,RY),
then £Y(GG,) = &1(u).

2. (LOWER SEMICONTINUITY) If {us} C C?(I,RY) is such that GG, —
¥ weakly in D1 (U x SV) to some X € Geart(U x SY), then £9(%) <
liminfy, & (up).

3. (ENERGY DECOMPOSITION) If ¥ € Geart(U x S) decomposes as in
(3.2), then

£9(x /|cu| |+ k) dt + |DCu|(T) + [DCm|(T) + £9(5) .
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If 3 is the Gauss graph ¥, of some function u in & (I, RY), the third
term ¥ = Eu in the formula (3.2) is the sum of the Jump, Jump corner and
corner components. We thus have the energy splitting:

S, =GG) + 874+ 5¢, £9(%,) = M(GGY) + M(5%) + M(S/¢). (3.8)
From the mass estimates after (2.15), see also (1.15), we deduce that
2712£0(8,) < M(Z,) < E)(S0)
and hence for every u € & (I,RY) we have
M(Z,) <00 <= &(Z,) < .
Finally, the following equivalent formula for the energy (3.8) holds:
E(Bu) = |Deal(I) + [Dru|(T\ Ju) + M(S°)  Yue &u(LRY),
where the jump-corner term M(S;/€) is given by formula (2.16).

Ezample 3.5. Returning to Example 3.2, that refers to Example 1.3, we recall
that ¥, = GG, + S/¢, where u : [-1,1] — R is the piecewise constant
function in (3.4), and the Jump-corner component S/¢ is defined by (3.5),
i.e. it is the sum of two oriented arcs in {c,(0+)} x SL both of length /2.
By using (3.6) and (3.8), we thus obtain

Ef(Eu):2(1+7r)+2-g,

so that the expected formula from (2.2) holds, as with our choices A\ = Ay =
1 and g =1.

The case of codimension one. Now, when N =1 we have

|eu(®) u(t) = [0()],  |D7u|(I) = [Do|(I), (3.9)

where v := arctand € BV(I). Moreover, comparing formula (2.16) for the
mass of the jump-corner component S¢ with the explicit computation from
[8] for the last addendum in (1.17), in the case of the curvature functional,
we readily check that

M(S]%) = S S (t), at-), (t)
teJy,

Therefore, the representation formula from [8] yields that for every u €
51 (LR)
Ei(u) = EY(Zy). (3.10)

Energy bounds. Actually, formula (3.10) holds true for every u € & (I,RY)
in higher codimension N > 1, too. More precisely, for any ¥ € Gceart(U x
S™), we shall denote by uys, the function u € BV(I,R"Y) for which decom-
position (3.2) holds. Correspondingly, we define

Geart,, := {¥ € Geart(U x SV) | ug = u}, u € BV(I,RY)  (3.11)
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so that by lower semicontinuity and closure-compactness we infer:
Yu e BV(IL,RY), we&(I,RY) < Geart, # 0.
Since by lower semicontinuity we have
E1(u) > inf{E)(X) | £ € Geart,},
the energy lower bound in (3.10) holds if £9(¥) > £Y(X,) for every ¥ €
Gecart,,. This inequality is proved by exploiting the geometric property from

Theorem 3.3, and by using the following average formula proved in [12,
Prop. 4.1], that goes back to Féry [7]:

Proposition 3.6. Given a curve ¢ in R™, and some fized integer 1 < k < n,
then

TC) = [ TC(m0) ().

Here we have denoted by GxR™ the Grassmannian of k-planes in R™, by puy
the corresponding Haar measure, and by m, the orthogonal projection of R™
onto p € GR"™,

Finally, the energy upper bound in (3.10) is obtained by means of the
following density result.

Theorem 3.7. For every u € & (I,RY), there erists a sequence of smooth
functions {up} C C*(I,RY) such that up — u strongly in L', GG, — %,
weakly in D1(U x SN) and &1 (up) — EY(By) as h — oo.

In conclusion, by (3.10) we thus deduce
Vue E(LRY),  &i(u) = |Dey|(I) + |Dr|(I\ Ju) + M(S¢)  (3.12)

where the jump-corner term M(S;/¢) is given by (2.16). For continuous func-
tion, we also get the geometric formula stated in Theorem 1.6. More generally,
formula (1.19) follows by observing that

|D7,|(I\ J) + M(S7¢) = TC(z,).

4. The elastic case

We now deal with the elastic case p > 1.

p-curvature functional on currents. If u € C?(I,RY), setting
(600 = [ eI (1 + )

where

|éu| (v) |7'u| . .
|£7(1w)|:'—a &Y = — |Tul = [Cul ku ,
|| ||

by the area formula we have

£2(GG,) /| ul |c“ 'c“““ dt = /|u (14 kD) dt = Ey(u). (4.1)
|<1>u| |<I’|
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This suggests to introduce for smooth functions (u,v) : I — RY x RN+L,
with |v| = 1, the energy

Fou,v) = / FolCw 8y dt,  Folln®) = el (jEul? +[01P)

so that Fp(u,7,) = &(u), and to denote by F, : RY+H x RV — [0, +-oc]
the parametric convex l.s.c. extension of the integrand f, in the sense of [10].
Denoting by &% € R the first component of &, for every p > 1 one has:

@) 4 @ 1=ple@ P if [¢@)] >0 and €2 >0
e = { I IEOIEOP i 1) =

+00 otherwise. (4.2)

Definition 4.1. The p-curvature energy functional is given on currents > =

[M,0,¢] by
ENE) = / Fo(€)0dH" .
M

Therefore, in (4.1) we have just shown that £)(GG,) = &,(u) in the
smooth case.

The following regularity property holds: every current ¥ = [M,0,£]
with finite p-energy has finite mass, too. More precisely, if ¥ = [M,0,£],
then M(X) < 2-&J(X) for all exponents p > 1.

We recall that > has finite mass if and only if it has finite plastic energy
EY(X). This equivalence fails to hold in the elastic case. In fact, as the follow-
ing example shows, it may happen that a sequence {¥;} has equibounded
masses but supj, p(Xp) = oo for every p > 1.

Ezample 4.2. Let I =[—1,1] and N =1.For 0 < R < 1,let yg:[-1,1+
7/2] — U x St given by

(0, —R,1,0) if —1<6<0
Yr(#) ;== (Rsinf,—Rcosf,cosf,sinf) if0<0<7
(R,0—7/2,0,1) fI<p<1+z

and define
Sri=rg[ 1,1+ 7/2] € Ri(U x SY),

so that ¥p = [Mg,1,€r] where Mp = vr([-1,1 + 7/2]) and &gr(z) =
Yr(0)/17R(0)] if z=~yr(#). Since

(1,0,0,0) if —1<6<0
Yr(0) = (Rcosh, Rsinf, —sinf,cosf) if0<0 <73
(0,1,0,0) if5<0<1+73
we compute
1 if —1<60<0

Fr0) = VI+R if0<6<3

1 ifZ<0<1+7%



Curvature-dependent energies 23

and hence |§}(§)| >0 on Mg, as
(1,0,0,0) if —1<0<0

Er(vr(9)) = W(RCOSG,RSHI@,—Sin@,COSQ) ifo<o<3
(0,1,0,0) FZ<p<14Z.

Now, the mass of ¥ is equal to the length of the simple curve g, and
by the area formula

M(Sp) = / (@) 8 =2+ TV/TT R
[—1,147/2]

As before, we let 'y( ) = I, o yg and 'y(") := II, o g, so that yg =

(’Y}(z ); ’Y}(% )). Using that

1 if —1<6<0 0 if —1<6<0
1 ifT<f<1+72 0 ifZ<O<1+Z

for every p > 1, by (4.2) and by the area formula we compute

(T) (T) 1—p | (T)( 0P
£0(x: :/ 0 1Y ()|+|7()| ¥ a0
»(n) 1,147/ Fral )|< FrO)] RO [ArO)P )

= (F& O+ 5O 715 (0)|F) do
[—1,14m/2]
where
/ 5O do =2+ L R
[=1,147/2] 2
and
J i @A @) do = 5 R
[—1,1+7/2] 2
whence

£(Sr) =2+ gR+ gRl’p.
Similarly, one has
E)(Zp) =2+~ (R+1)
whence we recover the energy estimates
2712 E)(SR) < M(SR) < & (Sr), 2-E)(Xr) > & (Zr) Vp>1.
In particular, we have as R — 0"

M(ER)—>2+g, 8?(23)—>Q+g, (k) = 400 Vp> 1.

The cited example is given by ¥, = X, for asequence of radii Ry, N\ 0.
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Minimal currents. In order to obtain a similar formula to (3.12) in the case
p > 1, for every u € £,(I,RY) we now introduce an optimal current %7 of
the type :

¥P .= GG% + GGS + SP,

where the third component S? € Ry(U x SV) is given by

Shi= > T

teJo,

(4.3)

for suitable minimal currents I} that we now describe.

For any point ¢ € Jg, we first introduce a suitable class F(u,t) of a-
cyclic i.m. rectifiable currents T' in R (U xS™), supported in {t} x RY x S¥,
with boundary

Ol =g, (1) — 0o, ()
and such that Sg(f‘) < 0. By Federer’s structure theorem [9, 4.2.25], for
any such T' we find a Lipschitz function v = 4 : [-1/2,1/2] — U x SV
with constant velocity [¥(s)| = M(T') for a.e. s, and yx[—1/2,1/2] =T.
Therefore, we deduce that |[¥(*)(s)| > 0 a.e., and as in Example 4.2 we get

&) = / (B )+ T )P ()P ds. (4.4)
(~1/2,1/2]

According to the geometric property (3.7), we say that T € F(u,t) if in
addition one has

§4)(s)

—~ _
- =Y (s) for a.e. s € [—-1/2,1/2], v =r. (4.5)
[ (s)]
Remark 4.3. Let T' € F(u,t) for some t € Jg,. By property (4.5) we de-
duce that the second component ~®) := y(yr) is the tantrix of the first

component 7(*) := II,(yr), and that the curve (*) has positive length, as
|¥@)(s)| > 0 a.e. Therefore, formula (4.4) yields that the p-energy of T' is
equal to the p-curvature functional of the curve IL,(7r), i.e.

£)(r) = /(1 FEY AR, ci=TL(yr). (4.6)

Finally, notice that the vertical cycle Ni defined in Example 4.4 below
satisfies the above property (4.5), whence ¥ € F(u,t), with t =0 € J,.

Actually, it turns out that for every u € E,(I,RY) and t € Js,, the
minimum of the problem

inf{&)(T) | T € F(u,t)}
is attained. For each t € Jg,, we thus denote by T a minimum point for
the p-energy 53 in the class F(u,t).
In particular, T? is an a-cyclic current in Ry(U x SV). From our defi-
nition (4.3) we thus obtain:

Ep(Xh) = ENGGL) +ENGGS)+ENSE),  E)(Sh) = > E)TT). (4.7)

teJs,,
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FIGURE 5. To the left, the curve ¢, and (dashed) the current
Y which lies in the vertical plane {¢ = 0}; to the right, one
term of the smooth approximating sequence c,,, .

As a consequence, we readily obtain the following energy lower bound:
Vue &(LRY), E,(u) > E)GG) + EJGCS) + EXST).

Corner points. If u € &,(I,RY) for some p > 1, then 72(t1) =0 for every
t € Jg,. This property of the Gauss map is false in the case p = 1, compare
Remark 4.6 below.

Note that condition 70(¢t+) = 0 is equivalent to |u(t+)| = +o00. There-
fore, in case of codimension N = 1, one infers that u(ty) = u(t_) € {£oo}
for each t € Jg,, otherwise one would obtain as above that Eg(th) = 400,
a contradiction. This implies that J; = () and hence that the corner compo-
nent X° =0 if N =1, as already shown in [8].

Now, Example 4.2 may suggest the absence of corner points for Carte-
sian curves ¢, of continuous functions u € &,(I,RY), when p > 1. We now
see that this is not the case in high codimension N > 2.

Example 4.4. For I = [-1,1] and N = 2, consider the continuous W11
function w: I — R? given by

oo (0, =V=P =3 ift<0
u(t) = { (V=2 12t,0) ift>0

so that the graph curve ¢, is the union of two quarters of unit circles meeting
at the point Ogs, centered at the points (—1,0,0) and (1,0,0) and lying in
the hyperplanes 1 = 0 and z2 = 0, respectively. Since ¢,(0-) = (1,0, +00)
and ¢,(04+) = (1,400,0), we have 7,(0_) = (0,0,1) and 7,(04+) = (0,1,0),
thus a corner point with turning angle equal to 7/2 appears at the point Ogs,
whence J; \ J, = {0}.

It is not difficult to check that u € &,(I,R?) for each p > 1. In fact,
one may approximate u by a smooth sequence {up} such that the Gauss
graphs GG, weakly converge to a current ¥ in Geart(U x S?) given by
¥ = GGY + f), where ¥ is the l-current integration of a smooth curve
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FIGURE 6. The small notches on the ¢ and x5 axes are 1/h

away from the origin; the angles lines thus have slopes 1/h
and h.

in {0} x R? x S}, see (1.9), with end points ®,(0+) = (Ogs,7,(0+)) and
satisfying the geometric property (3.7). Since sup;, &,(upn) < oo, we deduce
that u € &,(I,R?).

When p = 1, one simply has to smoothen the angle by means of an
arc with small curvature radius. For p > 1, instead, good approximations
(i.e., with small energy contribution) are performed by means of vertical arcs
which have curvature radius greater than a positive constant, depending on
p, see Figure 5 on the left.

Differently to the case p = 1, the vertical current ¥ is not supported
in {c,(0)} x S§, compare (1.9). An example is ¥ := yx[n/2,7], where v :
[7/2, 7] = R xR? is the regular curve defined in components @) =TI, 0y
and ) :=1I, oy by v®)(0) := (0,7,(0)) and v (0) := (0,7,(0)), where

2 ()

- : (0)

Y (0) := —51n0c0s29,—c059s1n29 , vy (0) := ———L |
0) = ( ) v(0) 1Y@ ()]

so that the geometric property (3.7) holds true. More explicitly, one has

50(3sin® 6 — 1),sin (1 — 3 cos? 9))

W) (g — (cos ’ Vo€ [n/2

’Y ( ) (?)Sin40—3sin29+1)1/2 [T(/ 77T]
whence (7/2) = (Ops,7u(0-)) = ®u(0-) and 7(m) = (Ops,7u(04)) =
®,(04), and according to (3.3)

0% = 0y [ /2,7 ] = Oy(m) = Oy(n/2) = 00, (04) — O, (0_) -

An approximating sequence uy, : [—1,1] — R? satisfying sup,, &,(up) <
oo is defined by widening the base of the vertical arc so that the loop is made
on the interval —1/h < ¢ < 1/h; the resulting arc does no longer begin and
end vertically, but with slope h, so we cannot simply glue the two parts of the
graph of u to it (conveniently separated); the problem is easily solved by cut-
ting away a suitable (and small) terminal portion of each arc and translating
it so that the three pieces fit, see Figure 6. The resulting curve is defined on
a very slightly larger interval than [—1, 1] but a reparameterization does the
trick, see Figure 5 on the right. Finally, a smoothing and a diagonal argument
yield the existence of a sequence {up}, C C1(I,RY) with sup, &, (un) < oo
and Uy — u strongly in L1.
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Now, for every p > 1, the set J, \ Ju of corner points of a function
u € Ey(I,RYN) with finite relaxed energy is always finite. This is a consequence
of the following

Theorem 4.5. Let u € E,(I,RY) for some p > 1. For every t € Jy \ J, we
have E)(IY) > /2.

Remark 4.6. Theorem 4.5 fails to hold in the case p = 1. It suffices to consider
a piecewise affine and continuous function u : [0,1] — R with a countable
set of corner points J; = {t; := 1—277 | j € NT} such that (setting to =0)
the slope of u at the interval ]t;_1,t;[ is equal to 277 for every j. In fact,
the length of the Cartesian curve ¢, is lower than 2, and its total curvature
is equal to /4, whence u € & (I, R). Notice that we have &,(u) = +oo for
every p > 1.

Discontinuity points. In general a function with finite relaxed energy may
have a non-trivial jump set .J,,. This was already observed in [8] when N =1,
and we give here an example for N = 2.

Ezample 4.7. Similarly to Example 4.4, consider the function u : [-1,1] —
R2 given by
u(t) = (0,—v—t2—=2t) ift<0
Tl (W=t +2t,3)  ift>0

so that « has a jump point at the origin, as «(0_) = (0,0) and u(04) =
(0,3). This time the graph of u is the union of two quarters of unit cir-
cles centered at the points (—1,0,0) and (1,1,3) and lying in the hyper-
planes 1 = 0 and x2 = 3, respectively. We again have ¢,(0_) = (1,0, +00)
and ¢,(04) = (1,+00,0), so that 7,(0_) = (0,0,1) and 7,(04+) = (0,1,0).
Again, it is not difficult to check that u € &,(I,R?) for each p > 1. In
fact, one may approximate u by a smooth sequence {up} such that the
Gauss graphs GG, weakly converge to a current Y in Geart(U x S?)
given by ¥ = GG¢ + 3, where % is the l-current integration of a smooth
curve in {0} x R2 x S§ with end points ®,(0-) = ((0,0,0),(0,0,1)) and
®,(04) = ((0,0,3),(0,1,0)) and satisfying the geometric property (3.7).
Since supy, Ep(up) < 0o, we deduce again that u € &,(I,R?).

An explicit formula for ¥ can be obtained by slightly modifying the
definition of v from Example 4.4, this time defining a regular curve = :
[7/2,7] = R3 x R3 such that

719(0)

whereas

7(71-/2) = ((Oa 0, 0), Tu(o—)) = (I)u(o—)a V(ﬂ-) = ((07 0, 3)77-u(0+)) = (I)u(o-l-) :

Thus the geometric property (3.7) is satisfied and according to (3.3) we again
have 82 = 54)“’(0_*_) — 5<1>u(0—)'
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Note that the lower bound in Theorem 4.5 is false if ¢ € J,, i.e. on
the Jump component ;. As a consequence, in general the Jump set J, of
a function u € &,(I,RY) is countable, for any p > 1. We sketch here an
example in codimension N = 2.

Consider u : [0,1] — R? whose components u/ are increasing and
bounded functions that are discontinuous on the countable set J, = {t; =
1—-27"]4 € Nt} and smooth outside .J,, in such a way that the integral
JrleulP~ (|eul? + |7ulP) dt is finite, the series Y, [u(ti+) — u(t;—)| is con-
vergent, and u is a BV-function with no Cantor-part, |[Du|(I) = 0. We
define uw with unbounded right and left derivative at the discontinuity set,
i.e. |u(t;£)] = +oo for each i, and so that the Gauss map 7, : [ — S! is a
BV-function with no Cantor part, D7, = 0, and discontinuity set J,, = Ji,,
i.e. u has no corner points. Then 7,(t;&) € S} for each i. Denoting by d;
the geodesic distance between 7,(t;—) and 7,(t;+) in S}, we can define u
in such a way that the series ), d; is convergent. Finally, denoting by I'{,
a minimum point for Eg in the class F(u,t;), we can also require that

ETY) < ¢p (Jultit) —ulti=)| +di) Vi

for some constant ¢, > 0 not depending on i. By our relaxation result, we
have

Ep(u) = /|éu|1—P (leul? + 7P ) dt+ " ENTE) < oo
I i=1
and hence u € &£,(I,R?), but H(J,) = +oo.

Energy upper bound. It follows from our density result:

Theorem 4.8. Let p > 1 and N > 1. For every u € E,(I,RY), there exists a

sequence of smooth functions {u} C C*(I,RYN) such that up — u strongly
in L', GGy, — X8 weakly in Dy1(U x SN) and E,(up) — EY(XL) as h —
0.

Recall that Geart,, denotes the subclass of currents in Geart(U x SV)
such that us; = u, see (3.1) and (3.11). For any function u € &,(I,RY) we
denote by Gcart}, the class of currents ¥ in Geart,, such that £)(¥) < oo.
For every p > 1 and u € L'(I,R"), we thus have:

u € E(IL,RY) <= Geartl # 0.
Moreover, if u € £,(I,RY) we obtain
Ep(u) = min{é’g(E) | ¥ € Geart?

where, we recall, the Gauss map 7, is a function of bounded variation in
BV(I,SV) whose derivative has no Cantor part, i.e., D7, = 0. More ex-
plicitly, for every u € &E,(I, RY) we infer:

Zy(u) = / (6l (|6al? + [l ) dt + [DCul(D) + 3 £9(7)

teJs,,
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where I'V denotes for every t € Jp, a minimum point for 53 in the class
F(u,t).

The lack of precise knowledge of the minimal arcs I'} prevents further
explicitation of the relaxed energy &,(u), which is instead possible when u
is continuous if we assume that u has no corner points, so that no such arcs
appear, compare (1.22). Finally, recall that the absence of corner points is

always true in codimension N =1, when p > 1, as already observed in [§].
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